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Mathematical Abundance:
Designs, Graphs and Number
Honoring the 72nd birthday of

Charles Vanden Eynden
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A quote from Jean-Pierre Bourguignon:

.. geometry evolved from uniqueness to abundance.
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Matchings in Bipartite Graphs:

Properties and Structure
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fG C K, n, a bipartite graph. For example, T
1 1
2 2
3 3
4 4
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G C K, n, a bipartite graph. For example,

1 1

2 2

3 3

4 4
1 1
2 2 perfect matching
3 3

B 4 4 .
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.

he biadjacency matrix models a bipartite graph. The

=

preceding bipartite graph becomes in this model:

1

0
0
1

1

S = =

1 0

o O =

—_ =

, OF

-
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he biadjacency matrix models a bipartite graph. The

=

preceding bipartite graph becomes in this model:

1

0
0
1

1

S = =

1 0

o O =

—_ =

, OF

1

0
0
1

1

1
1
0

1

1
0
0

0

1
1
1

(1s « perfect matching)

-
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fThe biadjacency matrix models a bipartite graph. The
preceding bipartite graph becomes in this model:

1110 111 0
0 1 1 1 0 1 1 1 .
, Or (1s « perfect matching)
01 0 1 01 0 1
1.0 0 1| 100 1.

Label the edges (i.e. label the 1s in the matrix) as a way to
distinguish perfect matchings:

o O
O KK Q. o

o O a0
~. - O

- : -
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fThe collection of perfect matchings for this bipartite T
graph/matrix

o O Q2
S QL -
~. - O

S O o O

IS:
{a7 €7g7j}7 {b7 67 h7i}7 {C7 d? h? Z}? {C7 f7g7 Z}

- -
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. .

he collection of perfect matchings for this bipartite
graph/matrix

o O Q2
~. - O

o Q o
S O O

IS:
{G/, 87 g?j}? {b7 87 h? Z}? {C7 d? h? Z}? {07 f? g? Z}'
This is the perfect matching hypergraph ~ M (G) of G with

vertices a, b, ..., j and hyperedges given by the perfect
matchings. If G C K, ,, then all hyperedges have cardinality

%ﬁ -
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fLet G C K, , be a bipartite graph with labeled edges, that T
IS, let A be a matrix of order n whose nonzero entries are
labeled with different symbols V' = {a,b,c,...}. The perfect
matching hypergraph M (A) of A has vertex set V' and edges
(of size n) corresponding to the perfect matchings of G, or
diagonals of A.

- -

Hlinois State U.. April 18=19. 2008 — p. 6/42



=

fLet G C K, , be a bipartite graph with labeled edges, that
IS, let A be a matrix of order n whose nonzero entries are
labeled with different symbols V' = {a,b,c,...}. The perfect
matching hypergraph M (A) of A has vertex set V' and edges
(of size n) corresponding to the perfect matchings of G, or
diagonals of A.

General Assumption: Every edge of  (F is in a perfect matching
(every nonzero entry of A belongs to a diagonal) and G is
connected; the matrix A is fully indecomposable

%ﬁ -
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fLet B be another matrix of order n with the same number o
nonzero entries as A.

Then A and B have isomorphic diagonal hypergraphs  provided
the nonzero entries of B can also be labeled with the
elements of V' so that their perfect matching hypergraphs
are identical:

M(A) = M(B).

The resulting bijection between their nonzero entries Is a
perfect matching preserver

%ﬁ -
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If G, H C K, , are isomorphic, then they have isomorphic
perfect matching hypergraphs:

=

- -
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fIf G, H C K, ,, are isomorphic, then they have isomorphic T
perfect matching hypergraphs:

Note that in terms of the biadjacency matrix A, if B = PAQ) or
B = PATQ, then we have an isomorphism of the bipartite graphs.

- -
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fIf G, H C K, ,, are isomorphic, then they have isomorphic T
perfect matching hypergraphs:

Note that in terms of the biadjacency matrix A, if B = PAQ) or
B = PATQ, then we have an isomorphism of the bipartite graphs.

But G and H can have isomorphic matching hypergraphs
without being isomorphic graphs.
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e

xample:
0 a b 0 0 0 a b 0 0]
c d e 0 0 c d e 0 0
A=|f 0 g h « andB=|f 0 g 7 O
00 j 0 k 00 h 0 I
0 0 0 [ m 0 0 2 k£ m

have the same perfect matchings:

{a7 C? g? k? l}? {a7 C? j? h? m}? {a7 C? j? /1:7 l}? {a7 f7 67 k? l}?
SO we have a perfect matching preserver .
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e

xample:
0 a b 0 0 0 a b 0 0]
c d e 0 0 c d e 0 0
A=|f 0 g h « andB=|f 0 g 7 O
00 j 0 k 00 h 0 I
0 0 0 [ m 0 0 2 k£ m

have the same perfect matchings:

{a7 C? g? k? l}? {a7 C?j? h? m}? {a'7 C?j? /1:7 l}? {a7 f7 67 k? l}?

SO0 we have a perfect matching preserver . These bipartite
graphs (or their line graphs) are not isomorphic, since one
Lﬁﬂas a vertex of degree 5 and the other does not. J
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fExample revisited:

O a b 0 0

c d e 0 0
;0 g 7 0

0O 0O h 0 I
kK m

0

i

0

and B

0O a b 0 0

c d e 0 0
/0 g h

i

00 §j 0 k

m™m

[

0 0 0

A:
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e

xample revisited:

o O

and B =

~ O O O

> R o T
™ O . O O

0
0
h
0
[

T

|
O O Y O O
o O O QS
O . R o T
O O - O O
o O O Q, S

S = -

have the same nonzero diagonals:

{CL, C? g? k? l}? {CL, C? j? h7 m}? {&7 C? j? i? l}? {CL, f7 67 k? l}?

so we have a perfect matching preserver not resulting from
a row or column permutation or transposition, or J
Lﬁomposition of such.
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The preceding example is an example of a partial
transposition .

=

- -
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T

he preceding example is an example of a partial
transposition .

Al 84 0,
Yo kx| O
O | o | A

Al 84 0,
vl sk | 01
O | g7 | AT

=

-
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transposition .

Note:

Al 84 0,
Y | x| D
O] o | A

Al 84 0,

vl sk | 01

O |p"| A _
Ajq is empty.

(1) Transposition results when the matrix

(2) Like row and column permutations, a partial transpositi

preserves perfect matchings.

(3) A partial transposition requires a

=

The preceding example is an example of a partial

on

p by g zero submatrix and a

complementary ¢ by p zero submatrix where p+qg=n — 1.

o

-

Illinois State U.. April 18=19. 2008 — p. 11/42



-

RAB and J. Ross Conjecture 1981: Every perfect matching
preserver between matrices A and B of order n can be
accomplished by a sequence of partial transpositions,
followed by row and column permutations.

-

- -
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RAB and J. Ross Conjecture 1981: Every perfect matching
preserver between matrices A and B of order n can be
accomplished by a sequence of partial transpositions,
followed by row and column permutations.

-

- -
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RAB and J. Ross Conjecture 1981: Every perfect matching
preserver between matrices A and B of order n can be
accomplished by a sequence of partial transpositions,
followed by row and column permutations.

-

This was proved under the assumption that the labels of n
nonzero positions of A are the labels of n» nonzero positions
In a row or column of B. Recall the example:

o O

and B =

I

|
S O - 0O O
O O O Q 9
O . R O T
-~ O B o o
S O - o O
O O O Q 9
5 R 0O T
O N O O

S = -

-
0

0

[
m

-
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e

xample:
Ca b oc 0 0
d e f 0 O
g 0 O
0 0O
w 0 0 0
2z 00 0 =

have the same set of 16 perfect matchings.

= O O O O

Y

and A* =

o O QL L

o O O o o o

O O 8 £ = O

O o S o O
NS O O
O O O O

-
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xample
o b c 0 0 0] 4 b c 0 0 0]
d e f 0 0 O d e f 0 0 O
g 0 0 0 and A% — O 0 v v w O
0 0 0 0 0 z v 2z 0
w 0 0 0 uw v 0O 0 O
2z 000 2 vy I 0 0 O ]

have the same set of 16 perfect matchings.
But no partial transposition is possible since there do not e Xist
complementary p by g and g by p zero submatrices with p + q = 9.

%ﬁ -
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xample
o b c 0 0 0] 4 b c 0 0 0]
d e f 0 0 O d e f 0 0 O
g 0 0 0 and A% — O 0 v v w O
0 0 0 0 0 z v 2z 0
w 0 0 0 uw v 0O 0 O
2z 000 2 vy I 0 0 O ]

have the same set of 16 perfect matchings.
But no partial transposition is possible since there do not e Xist
complementary p by g and g by p zero submatrices with p + q = 9.

So the conjecture is false.

%ﬁ -
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The preceding example is an example of what we call a
bi-transposition

=

a b c
— A, pbyp+1
e
A Y]
e — Az, rbyr—+1
Ty

- -
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The preceding example is an example of what we call a
bi-transposition

=

a b c
— A, pbyp+1
e
A Y]
e — Az, rbyr—+1
Ty

and A5 are switched.

- -
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e

xample again:
b ¢ 0 0
e f 0 O
0

0

0 0 0 wu
0 0 0 x

a
d
0
0
w
2

IS a perfect matching preserver.

S O O O O

Y

o O QL 2

o O o o o o

O O 8 & - O

SO O < O O

N 8 o o
O O O O

-
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fRAB, Loebl, Pangrac 2006: T

Let A and B be fully indecomposable matrices of order n, that is,
matching-covered, connected bigraphs  C K, ,,. Suppose there is a
bijection ¢ between the nonzero positions of A and those of B that
gives a bijection between the perfect matchings of A and those of
B. Then ¢ results from a sequence of

® partial transpositions
® Dbi-transpositions

® row and column permutations.

%ﬁ -
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fRAB, Loebl, Pangrac 2006: T

Let A and B be fully indecomposable matrices of order n, that is,
matching-covered, connected bigraphs  C K, ,,. Suppose there is a
bijection ¢ between the nonzero positions of A and those of B that
gives a bijection between the perfect matchings of A and those of
B. Then ¢ results from a sequence of

® partial transpositions
® Dbi-transpositions

® row and column permutations.

%ﬁ -
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=

Some background: Let A be the biadjacency matrix of
G C K, with a perfect matching. WLOG [, < A.

- -
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=

Some background: Let A be the biadjacency matrix of
G C K, with a perfect matching. WLOG [, < A.

There is a digraph D(A) associated with A (or ) that plays
an important role. The vertices are 1,2,...,n. The (directed)
edges are those pairs (¢,j) with < # j and a;; = 1.

- -
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Some background:

Let A be the biadjacency matrix of

=

G C K, with a perfect matching. WLOG [, < A.
There is a digraph D(A) associated with A (or ) that plays

an important role. The vertices are 1,2, ..

., n. The (directed)

edges are those pairs (¢,j) with < # j and a;; = 1.

Example: A =

1

—_ = = O

0

—_ = O =

1

O = = O

O = = = O

1

= o O

-
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Some background:

Let A be the biadjacency matrix of

=

G C K, with a perfect matching. WLOG [, < A.
There is a digraph D(A) associated with A (or ) that plays

an important role. The vertices are 1,2, ..
edges are those pairs (¢,j) with < # j and a;; = 1.

Example: A =

1

—_ = = O

0

—_ = O =

1

O = = O

O = = = O

1

= o O

—_ - = O =

0

— = O

1

O = = O

0

S == =

., n. The (directed)

_ O O =

-
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Some background: Let A be the biadjacency matrix of

-

G C K, with a perfect matching. WLOG [, < A.

There is a digraph D(A) associated with A (or ) that plays
., n. The (directed)

an important role. The vertices are 1,2, ..
edges are those pairs (¢,j) with < # j and a;; = 1.

Example: A=]1 0 1

-)

—

-]
—_ = = O

I 10 0

- = O

1

1 0

p—d
—_

0 0

_ O O =

As the example illustrates there is a one-to-one correspond ence
between the 1-factors of ((A) and unions of pairwise disjoint

)of D(A). J

Lcycles (
W
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fAnother example:

— O A O A
O —H O —H -~ O
— o = o o =
o O O S
S - 4 O O O O
- — o o~ - O
— O - O - O

| |

1

I |
— O = O o
SO — O~ = —~H O
— o~ o~ o~ o =
o O o 4 O — -
SO - A O O O O
- = = — O
— O - O - O
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fAnother example:

—— O - O o
O
O —H O H e O
— o o o o -
o O O O
O - A O O O O
_— e = o = O LE
— O - O - O
| |
% @\
| 1
— O —H O = o o
O = O - — O
— o o o o -
—
O O O - O - -
O - A O O O O
_— o = o = O
— O - O - O
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Recall that if D and D’ are two digraphs, then a bijection
f: V(D) — V(D) is an isomorphism (resp., anti-isomorphism)
provided (u,v) Isan edge in D if and only if (f(u), f(v))
(resp., (f(v)f(u))is an edge of D’. (Anti-) isomorphisms
preserve cycles (as sets of edges).

- -
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Recall that if D and D’ are two digraphs, then a bijection
f: V(D) — V(D) is an isomorphism (resp., anti-isomorphism)
provided (u,v) Isan edge in D if and only if (f(u), f(v))
(resp., (f(v)f(u))is an edge of D’. (Anti-) isomorphisms
preserve cycles (as sets of edges).

Note that in terms of matrices an isomorphism corresponds to
simultaneous row and column permutations PAPT and an
anti-isomorphism corresponds to ~ PA! PT.

- -
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Recall that if D and D’ are two digraphs, then a bijection
f:V(D)— V(D) is an isomorphism (resp., anti-isomorphism)
provided (u,v) Isan edge in D if and only if (f(u), f(v))
(resp., (f(v)f(u))is an edge of D’. (Anti-) isomorphisms
preserve cycles (as sets of edges).

Note that in terms of matrices an isomorphism corresponds to
simultaneous row and column permutations PAPT and an
anti-isomorphism corresponds to ~ PA! P

Thomassen 1989: Let D and D’ be strongly connected digraphs
(where the underlying graph of D is 2-connected). Let
¢ : E(D) — E(D') be a bijection such that both and ¢!

preserve cycles. Then there is a sequence of twists that repl aces D
with a digraph D* such that ¢ is induced by an isomorphism or
Lanti-isomorphism of D*onto D’ J

W
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What is a twist?

-
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|7 What is a twist? T

Let D be a digraph obtained from two disjoint digraphs D,
and D with w1, v vertices of Dy and us, vy vertices of Do
(where there are no edges in D> between us and v9) by
identifying «; and uy as vertex » and v; and v, as vertex

- -
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|7 What is a twist? T

Let D be a digraph obtained from two disjoint digraphs D,
and D with w1, v vertices of Dy and us, vy vertices of Do
(where there are no edges in D> between us and v9) by
identifying «; and uy as vertex » and v; and v, as vertex

Let D* be obtained from D; and D, by switching the
directions of all arcs of Dy and identifying «; and vy to « and
identifying v; and us to v. Thus, D* Is obtained as follows:
For vertices w # us, vo IN Do, We replace arcs

(1, w), (w, ), (v, w), (w,v) by arcs (w, v), (v, w), (w, u), (v, w),
and reverse the directions of all other arcs in Dy but not D;.

%ﬁ -
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|7 What is a twist? T

Let D be a digraph obtained from two disjoint digraphs D,
and D with w1, v vertices of Dy and us, vy vertices of Do
(where there are no edges in D> between us and v9) by
identifying «; and uy as vertex » and v; and v, as vertex

Let D* be obtained from D; and D, by switching the
directions of all arcs of Dy and identifying «; and vy to « and
identifying v; and us to v. Thus, D* Is obtained as follows:
For vertices w # us, vo IN Do, We replace arcs

(1, w), (w, ), (v, w), (w,v) by arcs (w, v), (v, w), (w, u), (v, w),
and reverse the directions of all other arcs in Dy but not D;.

Then D* is obtained from D by a twist on « and .

%ﬁ -
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|7 What is a twist? T

Let D be a digraph obtained from two disjoint digraphs D,
and D with w1, v vertices of Dy and us, vy vertices of Do
(where there are no edges in D> between us and v9) by
identifying «; and uy as vertex » and v; and v, as vertex

Let D* be obtained from D; and D, by switching the
directions of all arcs of Dy and identifying «; and vy to « and
identifying v; and us to v. Thus, D* Is obtained as follows:
For vertices w # us, vo IN Do, We replace arcs

(1, w), (w, ), (v, w), (w,v) by arcs (w, v), (v, w), (w, u), (v, w),
and reverse the directions of all other arcs in Dy but not D;.

Then D* is obtained from D by a twist on « and .
LA twist preserves cycles. J

W
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e

xample

Dl u9 U1 DQ

- -
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Example




u
D1

fExample

D>|<



=

Characterization of cycle preservers  (Thomassen 1989): Let D
and D’ be strongly connected digraphs (where the underlying

graph of D is 2-connected). Let ¢ : E(D) — E(D') be a bijection
such that both ¢ and 90_1 preserve cycles. Then there is a

sequence of twists that replaces D with a digraph D™ such that ¢
is induced by an isomorphism or anti-isomorphism of D*onto D'.

- -
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Characterization of cycle preservers  (Thomassen 1989): Let D
and D’ be strongly connected digraphs (where the underlying

graph of D is 2-connected). Let ¢ : E(D) — E(D') be a bijection
such that both ¢ and 90_1 preserve cycles. Then there is a

sequence of twists that replaces D with a digraph D™ such that ¢
is induced by an isomorphism or anti-isomorphism of D*onto D'.

For preservers of disjoint unions of cycles, in addition to
twists, one needs a transformation we call

supertranspositions , and this characterization of disjoint cycle
preservers leads to the characterization given for perfect
matching preservers.

%ﬁ -
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Characterization of perfect matching preservers . Let A and B be T
fully indecomposable matrices of order  n. Suppose there is a

bijection ¢ between the nonzero positions of A and those of B that
gives a bijection between the perfect matchings of A and those of

B. Then ¢ results from a sequence of

® partial transpositions

® Di-transpositions

$» row and column permutations.

- -
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Characterization of perfect matching preservers . Let A and B be T
fully indecomposable matrices of order  n. Suppose there is a

bijection ¢ between the nonzero positions of A and those of B that
gives a bijection between the perfect matchings of A and those of

B. Then ¢ results from a sequence of

® partial transpositions

® Di-transpositions

$» row and column permutations.

- -
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Doubly stochastic matrix . @ square nonnegative matrix with all
row and column sums equal to 1.

=

- -
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Doubly stochastic matrix

1/4 1/4 1/2
1/4 1/4 1/2

1/2 1/2 0

|

S = O

. a square nonnegative matrix with all

row and column sums equal to 1. Equivalently, a convex
combination of permutation matrices

— O O

|

o O =

o O =

. e.g.

— O O

|

S = O

— O O

oS = O

=~ =

o O =

— O O

o O =

S = O

=

-
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Doubly stochastic matrix . @ square nonnegative matrix with all
row and column sums equal to 1. Equivalently, a convex

=

combination of permutation matrices | €.d.
1/4 1/4 1/2 1'100' oo
1/4 1/4 1/2 1 0 0 1 +Z 0 0 1
_1/2 1/2 U 01 0] 1 0 0
, 00 1] oo 1]
+Z 1 00 +Z 0 1 0
01 0] 10 0]

The doubly stochastic matrices of order
(),, of dimension (n — 1)2.

n form a convex polytope

-
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Matrices with total support (I.€. matching covered bipartite T
graphs ) are geometric objects. Faces of €2, correspond to the
(0, 1)-matrices A = |a;;| of order n with total support

A~ f(A) = {X = [ZEij],X ~ Qn,.fz'j < aij}.

- -
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N .

atrices with total support (I.e. matching covered bipartite
graphs ) are geometric objects. Faces of €2, correspond to the
(0, 1)-matrices A = [a;;| of order n with total support :

A~ f(A) = {X = [:Eij],X = Qn,.fij < aij}.

Extreme points are the permutation matrices of order n (the
perfect matchings of the corresponding bigraph) with P and
() determining an edge (1-dim. face) iff, with respect to P, )
has a unique cycle of length > 2, that is P~'Q has a unique
cycle of length > 2.

%ﬁ -
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N .

atrices with total support (I.e. matching covered bipartite
graphs ) are geometric objects. Faces of €2, correspond to the
(0, 1)-matrices A = [a;;| of order n with total support :

A~ f(A) = {X = [ibij],X = Qn,.fij < a@-j}.

Extreme points are the permutation matrices of order n (the
perfect matchings of the corresponding bigraph) with P and
() determining an edge (1-dim. face) iff, with respect to P, )
has a unique cycle of length > 2, that is P~'Q has a unique
cycle of length > 2.

If A Is fully indecomposable, then dimF(A) = #(A) — 2n + 1.

%ﬁ -
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Example: A =

O I U S

0

9 diagonals (9_perfect matchings

—_ = = =

[ N S G S Gy S

1

O O = =

0

O = = O

0

, fully indecomposable

).

-
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1 1.1 1 0
1 1 1 11
Example: A= |1 1 1 0 1 |, fullyindecomposable |,
1 10 00
01 1 00

9 diagonals (9_perfect matchings ).

F(A) is an 8-dimensional simplex in ~ J*%°.

- -
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( MacDonald,Olesky, Tsatsomeros, van den Driessche
1997) The set D(A) of diagonals of A is isolated provided
that

=

- -
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( MacDonald,Olesky, Tsatsomeros, van den Driessche
1997) The set D(A) of diagonals of A is isolated provided
that

# Every diagonal in D(A) contains an entry which is not in
any of the other diagonals of D(A).

=

- -
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( MacDonald,Olesky, Tsatsomeros, van den Driessche
1997) The set D(A) of diagonals of A is isolated provided
that

# Every diagonal in D(A) contains an entry which is not in
any of the other diagonals of D(A).

=

Equivalently, the set M(G) of perfect matchings of a
bipartite graph G C K, ,, IS isolated provided that

o Every perfect matching contains an edge not in any
other perfect matching of M(G).

%ﬁ -
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—_ = =

[ S

O ==

Then D(A) is an isolated set of 4 diagonals of A.

-
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[ S

O ==

has diagonals

{a, f,h},{b, f,93,{d, ¢, h} {e, ¢, g}

-

Illinois State U.. April 18=19. 2008 — p. 28/42



=

Characterization 1: (J. Shao, L.-Z Ren, and Q.Wu 2006/07):
WLOG assume that 7, < A. Then D(A) is an isolated set of
diagonals iff the following two conditions are satisfied

- -
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Characterization 1: (J. Shao, L.-Z Ren, and Q.Wu 2006/07):
WLOG assume that I, < A. Then D(A) is an isolated set of
diagonals iff the following two conditions are satisfied

® Inthe digraph I'(A) of A there is a vertex that belongs to all
directed cycles of length > 1.

® ['(A)is free-cyclic meaning that each cycle contains an edge
that is not an edge of any other directed cycle.
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Characterization 2: (J. Shao, L.-Z Ren, and Q.Wu): WLOG
assume that 7,, < A. Then D(A) is an isolated set of diagonals
Iff the following two conditions are satisfied

- -
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Characterization 2: (J. Shao, L.-Z Ren, and Q.Wu): WLOG
assume that 7,, < A. Then D(A) is an isolated set of diagonals
Iff the following two conditions are satisfied

® Inthe digraph I'(A) of A there is a vertex that belongs to all
directed cycles of length > 1.

» F(A) does not contain a subdigraph consisting of a cycle

] 2 -3 ... ok —1
along with “path-chords”

1_>..._>pandq_>..._>7"

where 3<p<qg<r<k.
%ﬁ -
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Characterization 3: Let A be a fully indecomposable matrix of order
n > 2. Then the following are equivalent:

-

- -
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Characterization 3: Let A be a fully indecomposable matrix of order

-

n > 2. Then the following are equivalent:

9
X

°

D(A) is an isolated set of diagonals .
A has property N, and cannot be contracted to  J3.

There exists an integer pwith 1 < p < n — 2 and permutation
matrices P and () such that

_A3 Al_
Ay O

PAQ =

where Asisn —pbyp+1,0ispbyn—p—1,and A; and
Ag are vertex-edge incidence matrices of trees.

The face F(A) of 2, is a simplex. J
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f.’ Property /N: For each pair X7 and X9 of complementary T

S
square submatrices of A, PAQ) = ! , where
x X9
per X1 < 1orper X9 <1 (X7 or X9 has at most one

diagonal).

- -
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® Property N: For each pair X1 and X9 of complementary

sqguare submatrices of

A, PAQ =

X

>k

1 *

X9

, Where

per X1 < 1lorper X9 <1 (X7or X_Q has at most one

diagonal).

®» Contraction:

1 «
1 o
O —
: B
- 0 -

a+ 3

-
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® There exists aninteger pwith 1 < p < n — 2 and permutation
matrices P and () such that

-

pecial Form:

_A3 Al_
Ay O

PAQ =

where Asisn —pbyp+1,0ispbyn—p—1,and A; and
Ag are vertex-edge incidence matrices of trees.

- -
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® There exists an integer pwith 1 < p < n — 2 and permutation
matrices P and () such that

pecial Form:

_A3 Al_
Ay O

PAQ =

where Asisn —pbyp+1,0ispbyn—p—1,and A; and
Ag are vertex-edge incidence matrices of trees.

Note: Each 1 in A3 is on a unique diagonal, since deleting a row of
the vertex-incidence matrix of a tree leaves a square matrix with a
unique diagonal.

%ﬁ -
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Simplex:

® The face F(A) of 2, is a simplex.



fSimplex: T

® The face F(A) of 2, is a simplex.

® This means: For each pair of distinct permutation matrices

P,.(Q < A, P~'Q has exactly one (permutation) cycle of length
> 2.

- -
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® The face F(A) of {2y, is a simplex.

iImplex:

® This means: For each pair of distinct permutation matrices

P,.(Q < A, P~'Q has exactly one (permutation) cycle of length
> 2.

Remark: The only other faces of ~ €2,, with this property are F(A)
where A either equals J3 (the matrix of all 1s of order 3, that is,
K3 3) or A can be contracted to  J3.

%ﬁ -
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RAB and P. Gibson (1977) showed that simplex face , property
N and non-contractibility to ~ .J3, and special form are equivalent.

- -
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RAB and P. Gibson (1977) showed that simplex face , property
N and non-contractibility to ~ .J3, and special form are equivalent.

The special form
As A
Ay O

PAQ =

where Asisn—pbyp+1,Oispbyn—p—1,and A; and AQTare
vertex-edge incidence matrices of trees. implies that thereisa 1-1
correspondence between diagonals of A andthe 1'sin A3 and
hence D(A) is isolated .

%ﬁ -
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N .

ot Property N implies that there exist X and X5,
complementary square submatrices of A, such that per X7 > 2 and
per X9 > 2. This gives 4 diagonals of A none of which contains an
entry not in any of the other 3 diagonals. S0 D(A) IS not
Isolated.

- -
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fNot Property N implies that there exist X and X5,
complementary square submatrices of A, such that per X7 > 2 and
per X9 > 2. This gives 4 diagonals of A none of which contains an
entry not in any of the other 3 diagonals. S0 D(A) IS not
Isolated.
Since J3 has the property that every 1 is on two diagonals, every
matrix contractable to /3 also has this property, and so cannot
have an isolated set of diagonals.

- -
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fNot Property N implies that there exist X and X5,
complementary square submatrices of A, such that per X7 > 2 and
per X9 > 2. This gives 4 diagonals of A none of which contains an
entry not in any of the other 3 diagonals. S0 D(A) IS not
Isolated.
Since J3 has the property that every 1 is on two diagonals, every
matrix contractable to /3 also has this property, and so cannot
have an isolated set of diagonals.

Thus we have the equivalences:

%ﬁ -
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o

® D(A)is anisolated set of diagonals .

® A has property N, and cannot be contracted to

® There exists an integer pwith 1 < p < n — 2 and permutation

matrices P and () such that

PAQ =

Ay O

where Asisn —pbyp+1,0ispbyn—p—1,and A; and
Ag are vertex-edge incidence matrices of trees.

® The face F(A) of ), is a simplex.

Characteriization 3: Let A be a fully indecomposable matrix of
order n > 2. Then the following are equivalent:

_A3 Al_

-

-
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fRecall Characterization 1: If I,, < A, then D(A) is an isolated T
set of diagonals iff the following two conditions are satisfi ed.

® Inthe digraph I'(A) of A there is a vertex that belongs to all
directed cycles of length > 1.

® ['(A)is free-cyclic meaning that each cycle contains an edge
that is not an edge of any other directed cycle.
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fRecall Characterization 1: If I,, < A, then D(A) is an isolated
set of diagonals iff the following two conditions are satisfi ed.

® Inthe digraph I'(A) of A there is a vertex that belongs to all
directed cycles of length > 1.

® ['(A)is free-cyclic meaning that each cycle contains an edge
that is not an edge of any other directed cycle.

Under the assumption that 7,, < A, it is fairly straightforward
to check that these two conditions are equivalent to D(A)

being isolated.
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fRe(:all Characterization 1: If I,, < A, then D(A) is an isolated
set of diagonals iff the following two conditions are satisfi ed.

® Inthe digraph I'(A) of A there is a vertex that belongs to all
directed cycles of length > 1.

® ['(A)is free-cyclic meaning that each cycle contains an edge
that is not an edge of any other directed cycle.

Under the assumption that 7,, < A, it is fairly straightforward
to check that these two conditions are equivalent to D(A)

being isolated.

What is the connection between the  special form and this digraph
characterization?
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Special form implies that A has a zero submatrix O, ,—,—1.
With the assumption that 7,, < A, the row indices and
column indices of O, ,,—,—1 must be disjoint, and by

simultaneous permutations (SO digraph Is the same), we can
assume

=

_ AQ Op,n—p—l
As Aq

A= (A2 iIsSpxp+1,A1ISn—pxn—p—1).

- -
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Special form implies that A has a zero submatrix O, ,—,—1.
With the assumption that 7,, < A, the row indices and
column indices of O, ,,—,—1 must be disjoint, and by
simultaneous permutations (SO digraph Is the same), we can
assume

-

_ AQ Op,n—p—l
As Aq

A= (A2 iIsSpxp+1,A1ISn—pxn—p—1).

As has a 1 in its upper right corner (position ~ (p+ 1,p + 1) of A).
Crossing out its row and column (so crossing out last column o f As
and first row of A; ) gives Aj (order p) and A (order n — p — 1)

with [, < Al and I,,_,—1 < Aj.

%ﬁ -
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_ AQ Op,n—p—l _
As Aq

=

(AsiIspxp+1,A1ISn—pxn—p—1).



- .

Ay Opppe . .
A= 2 Ypneped (AsiIspxp+1,A1ISn—pxn—p—1).
As A
Ay and AL being vertex-edge incidence matrices of trees, , and

A’1 can be assumed to be triangular. Thus each cycle of the digrap h
of A contains vertex p + 1.

- -
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Ay Opppe . .
A= 2 Ypneped (AsiIspxp+1,A1ISn—pxn—p—1).
As A
Ay and AL being vertex-edge incidence matrices of trees, , and

A/1 can be assumed to be triangular. Thus each cycle of the digrap h
of A contains vertex p + 1.

Also each 1 in Aj other than the 1 (corresponds to an edge) on the
main diagonal is in a unique nonzero diagonal and this edge is In a
unigue cycle.

%ﬁ -
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Ay Opppe . .
A= 2 Ypneped (AsiIspxp+1,A1ISn—pxn—p—1).
As A
Ay and AL being vertex-edge incidence matrices of trees, , and

A/1 can be assumed to be triangular. Thus each cycle of the digrap h
of A contains vertex p + 1.

Also each 1 in Aj other than the 1 (corresponds to an edge) on the

main diagonal is in a unique nonzero diagonal and this edge is In a
unigue cycle.
Thus the digraph is free-cyclic and there is a vertex belongi ng to all

cycles of length > 2.

%ﬁ -
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