
MAT	  409	  Semester	  Exam:	  100	  points	  
	  

Name	  	  ___________________________________	  	   Email	  ___________________________________	  	   Text	  #	  ________________________	   	  
	  
Impact	  on	  Course	  Grade:	  Approximately	  25%	   Score	  ___________________________________	   	  

 
Solve each problem based on the information provided. It is not necessary to complete every calculation. 
That is, your responses may contain combinatorial notation (factorials, exponents, combinations, 
permutations). Include explanations as needed. 
 
You are to work alone on this exam. You may not use anyone else's work nor may you refer to any other 
materials as you complete the exam. You may ask me questions. You may use a calculator, but no other 
technology tools. You may not make internet connections, search the web, or use any sort of mental 
telepathy. 
 
Evaluation Criteria 
Each of questions 1 through 10 is worth 10 points. Some questions have more than one part. A point 
assignment is indicated for each question or for each part of a question. 
 
Some questions require explanation and some do not. Read carefully and ask me if you need help in 
determining whether an explanation is required. For questions requiring explanation: 
• Approximately 60% of the points revolve around a correct solution to the problem. I will evaluate the 

mathematics you use: 
• Is it accurate and appropriate? 
• Have you provided adequate justification? 

• Approximately 40% of the points count toward how you express your solution. I will evaluate how 
you communicate your results: 
• Is your solution clear and complete? 
• Have you expressed logical connections among components of your solution? 

 
BONUS questions sum to 10 points. 
  



 

1. Write the correct answer on the blank provided. No explanation or justification required. (2 pts each) 
 

(a) There are 9 ways to complete Task X and 7 ways to complete Task Z. Assume that Task X and 
Task Z are independent events that share no common elements. 
 

i.) How many unique ways exist to complete Task X or Task Z?  ______________  
 

ii.) How many unique ways exist to complete Task X and then Task Z? ______________  
 
 

(b) Single copies of the digits 2,3,4,5,6,7, and 8 are to be arranged in a single line. How many unique 
arrangements are there for these digits?  
  ______________  
 
 

(c) How many distinct arrangements exist for the letters in the word M I S S I S S I P P I ?  
  ______________  
 
 

(d) How many unique ways exist to arrange 20 pennies in a line such that 15 of them are heads up? 
 
  ______________  
 
 

(e) Given an unlimited supply of letters R, A, and M to choose from, how many unique 18-letter sets 
can be created that contain at least 4 letters M?  
  ______________  

  



 

2. Write the correct answer on the blank provided. No explanation or justification required. (2 pts each) 

(a) Express P(20,4) in three different ways: 
 

(i) as the product of four consecutive integers:  ______________  
 

(ii) using factorial notation:  ______________  
 

(iii) in terms of C(20,4):  ______________  
 
 
 

(b) Express the sum C(11,6) + C(11,7) as a single combination.  ______________  
 
 
 

(c) Lychetee has a huge supply of red, blue, yellow, and black socks in a drawer. How many socks 
must Lychetee pull from the drawer to guarantee she has a pair of the same color? 
  ______________  
 
 
 

(d) In a class section that has 13 different students enrolled, in how many ways can the students 
be separated into groups so that there are three groups of 3 students each and one group 
with 4 students? 
  ______________  
 
 

(e) A wellness committee of four is to be formed from among five men (Allen, Brody, Craig, Dan, 
and Eli) and six women (Fran, Gerry, Hilda, Ingrid, Jenny, and Karen). In how many ways can 
this be done if Jenny and Craig must both serve on the committee? 
  ______________  

   



 

 

3. Write the correct answer on the blank provided. No explanation or justification required. 

(a) In the expansion of 𝑑 + 𝑒 + 𝑛 + 𝑖 + 𝑎 + 𝑙 !", what is the value of T in the collected 
term 𝑇𝑛!𝑎!𝑖!𝑙!? (3 pts) 

   ______________  

 

 

 

(b) How many solutions are there for the equation 𝑛 + 𝑒 + 𝑔 + 𝑎 + 𝑡 + 𝑜 + 𝑟 + 𝑦 = 70  if 
each variable must be a non-negative integer? (3 pts) 

   ___________  

 

 

 
(c) A letter carrier has 5 letters, one for each of the five residents of an apartment complex. 

In how many ways can the letter carrier distribute the letters so that no resident receives 
his or her letter? State your answer as a natural number. (4 pts) 

   ___________  
  



 

4. The set of letters L = {M,M,M,M,A,A,T,T,T,T,T} is to be used to create its subsets. Note that in L, 
there are four identical letters M, two identical letters A, and five identical letters T. Although subsets of 
L may have duplicate elements, such as the subset {M,M,M,A,T}, there is no distinction among any of 
the letters M, and likewise for A and T. 
 

(a) If s represents the number of elements in any subset  of L, state the range of values 
that s can take on. (2 pts) 

  ______________  
 
 
Lucie suggested using a generating function to answer questions about subsets of L. She created this 
generating function: 
 

G(x) = 1+ x + x2 + x3 + x4( ) 1+ x + x2( ) 1+ x + x2 + x3 + x4 + x5( )  

 
(b) Describe how the three factors of G(x) are connected to questions about subsets of L. (3 pts) 

 
 
 
 
 
 
Here’s Lucie’s expansion of G(x). 
 

G(x) = 1+ x + x2 + x3 + x4( ) 1+ x + x2( ) 1+ x + x2 + x3 + x4 + x5( )
=1+3x +6x2 +9x3 +12x4 +14x5 +14x6 +12x7 +9x8 +6x9 +3x10 + x11

 

 
Use G(x) and its expansion to answer these questions. 
 

(c) How many subsets of L have seven elements in them? (1 pt)  ______________  
 

(d) How many subsets of L, in all, are there? (1 pt)  ______________  
 
 
Lucie responded to parts (c) and (d) using her expansion of G(x). She then decided to solve (d) a different 
way, by looking at set L and, for each element in L, asking, “Is this element in or out of a subset?” This 
strategy showed the number of subsets to be 211. 
 

(e) Lucie’s two responses to (d)—the first determined using her generating function G(x) and the 
second using the multiplication principle—are different. Explain. (3 pts) 

  



 

5. On a previous test in MAT 409, the following question was posed. 
 

From	  a	  group	  of	  25	  different	  students,	  choose	  a	  team	  of	  9	  students	  and	  designate	  
one	  of	  the	  9	  as	  team	  captain.	  In	  how	  many	  ways	  can	  this	  be	  done?	  

 
Here are some of the correct answers that were submitted: 
 

(i) C(25,9) ⋅9
(ii) 25⋅C(24,8)
(iii) C(25,9) ⋅P(9,1)
(iv) C(25,9) ⋅C(9,1)
(v) P(25,1) ⋅C(24,8)

 

 
(a) Use arithmetic to show that (iii) and (v) are equivalent. (2 pts) 

 
 
 
 
 
 

(b) Use arithmetic to show that (ii) and (iv) are equivalent. (2 pts) 
 
 
 
 
 
 

(c) Choose three of these five correct solutions and, referring to the context of the problem, explain 
why each is a correct solution. DO NOT simply show that the expressions are equal in numerical 
value. Clearly indicate which three expressions you are using. (6 pts) 

 
Explanation A: 

 
 
 
 
 
 Explanation B: 
 
 
 
 
 
 Explanation C: 
  



 

6. 
(a) A large-scale consumer survey was conducted of 12,042 different families throughout the United 

States. The survey determined that every family possessed a dishwasher, a microwave oven, a 
stove, and a refrigerator. Survey results indicated that among these families, there were seven 
different brands of dishwashers, eight different brands of microwaves, five different brands of 
stoves, and six different brands of refrigerators. Among families that took part in the survey, what 
is the smallest number of families that match brand of dishwasher, brand of microwave oven, 
brand of stove, and brand of refrigerator? Explain. (4 pts) 

 
 
 
 
 
 
 
 
 

(b) Here is the start of a difference table that shows inputs x and outputs f(x): 

x 3 4 5 6 7 8 9  
f(x) 9 10 15 29 62 129 250  

D1 ---> 1 5 14     
D2 --->       

D3 --->      
D4 --->     

D5--->    
D6--->   

 
(i) If we assume there exists a polynomial function that best represents the relationship 

between x and f(x), what is the degree of that polynomial? Explain how you know. (3 pts) 
 
 
 
 
 
 

(ii) Having determined a response to (i), describe your next step in attempting to eventually 
represent explicitly the input/output relationship here. Do not carry out that step or 
additional steps! Your task is to describe what you would do next. (3 pts) 

  



 

7. You have been given a large supply of two types of rectangles, each composed of an array of squares, 
and you are to arrange them in a line. Here are the two shapes you can use: 

     

     

     

The left rectangle measures 3-by-2 and the right rectangle measures 3-by-1. Your arrangement, or line 
up, made with the shapes above, is to have 3 rows and n columns. One or more of your rectangles may be 
rotated 90º degrees when creating a line-up. Here are a few line-up examples. 

             

             

             

The first two examples show the same end result, a 3-by-2 line up, created two different ways. The first is 
created using two 3-by-1 rectangles and the second using one 3-by-2 rectangle. Also, note that the right-
most example, a 3-by-4 line-up (n = 4), has components that were rotated from their original perspective. 
 

(a) One example above is a 3-by-4 line-up. In the box here, 
sketch one additional 3-by-4 line-up. In your drawing, 
clearly indicate the component parts. (2 pts) 

 
We will use L(n) to represent the number of different 3-by-n line-ups 
that are possible under these conditions. For example, L(1) = 1 
indicates there is exactly one way to build a 3-by-1 line-up. 
 

(b) Calculate L(2) and L(3). (2 pts each) 
 

L(2) = ________      L(3) = ________ 
 

(c) Determine a representation for L(n). Use either a recursive representation or an explicit 
representation. In either case, clearly indicate how you generated the representation, with 
reference to the context of the problem situation, that is, building 3-by-n line-ups. (4 pts) 

  



 

8. 
(a) Fatima was preparing a card trick that used all 13 cards of one suit, hearts, from a standard 52-

card deck. The 13 cards are in a hat and Fatima will draw one card at a time from the hat. Fatima 
cannot see into the hat and she does not put cards back in after drawing. How many different 
ways can Fatima draw seven cards from the hat? (5 pts) 

   ______________  
 
 
 
 
 
 
 
 
 
 
 
 

(b) Fatima's friend LeRoy also is practicing card tricks. He uses only the nine numbered heart cards 
and draws one card at a time from a hat. LeRoy, however, records the card’s identity 
(2!,…,10!), returns it to the hat, mixes up the cards, and draws again. How many ways can 
LeRoy draw five cards whose numerical values sum to 17? (5 pts) 

   ______________  
  



 

9. A tetrahedral die has four faces that are congruent equilateral triangles, such as the one shown here. 
A standard tetrahedral die has each of the digits 1, 2, 3, and 4 distributed on its four faces. 
 

(a) Suppose that 40 distinct tetrahedral dice are rolled and the face-down value 
(1, 2, 3, or 4) on each die is recorded. How many ways are there for thirty-
two 2s to appear? Explain. (5 pts) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Now, instead, suppose that just three tetrahedral dice are rolled and we record the sum of the face-
down values. If we do this 1000 times—roll three dice, record the sum—what portion of those 
1000 rolls would you expect to show a sum of 3? Explain. (5 pts) 
  



 

 

10. The following conjecture, for positive integers n ≥ 1, is to be proven true by induction: 

1+ 2+ 3+⋯+ 𝑛 − 1 + 𝑛 + 𝑛 + 1 + 𝑛 + 𝑛 − 1 +⋯+ 3+ 2+ 1 = (𝑛 + 1)! 

Complete an induction proof to verify that this is a true statement. Clearly indicate each step 
in your proof. (10 pts) 

  



 

BONUS Problems! BONUS Problems! BONUS Problems! BONUS Problems! 
 

(I) Determine the number of 5-digit integers that contain the digit 6 no more than once. (2 pts) 
 

(II) A large supply of identical token is to be labeled. Exactly one token is labeled “1”, exactly two 
tokens are labeled “2”, three tokens labeled “3”, and so on, up to fifty tokens labeled “50.” All of 
these labeled tokens are placed in a bag. Tokens are then drawn at random and not returned to the 
bag. What is the minimum number of tokens that must be drawn to assure that at least ten drawn 
tokens have the same numerical label? (2 pts) 

 
(III) Ashley and Mike, 2 of the 13 distinguishable students in MAT 409 this summer, were in the same 

group one time during the first 14 class sessions. Determine the probability of that occurrence, 
given the small-group structure of our class sessions. (3 pts) 

 
(IV) The integers 1 through 10 are written on a circle, in any order. Show that there are three adjacent 

numbers whose sum is 17 or greater. (3 pts) 
 


