Let V = { (a, b) | a, b are real numbers}.

For two "vectors" u = (a, b) and v = (c, d) of V, define "vector addition" as
u  v = (a, b)  (c, d) = (a + c + 1, b + d)
and for a scalar k, define "scalar multiplication" as
ku = k(a,b) = (a, kb).

1. Determine each of the following:
i. (1, 2)  (3, 4) and (3, 4)  (1, 2)

(1, 2)  (3, 4) = (5, 6) 
(3, 4)  (1, 2) = (5, 6)

ii. Solve the equation (1, 2)  (x, y) = (1, 2) for x, y.

(1, 2)  (x, y) = (1, 2) 
(1 + x + 1, 2 + y) = (1, 2)
1 + x + 1 = 1; 2 + y = 2  x = -1; y = 0
(x, y) = (-1, 0)


iii. Solve the equation (3, 4)  (x, y) = (3, 4) for x, y.

(3, 4)  (x, y) = (3, 4) 
(3 + x + 1, 4 + y) = (3, 4)
3 + x + 1 = 3; 4 + y = 4  x = -1; y = 0
(x, y) = (-1, 0)

iv. Using (x, y) from ii., solve (1, 2)  (w, z) = (x, y) for w, z.

(1, 2)  (w, z) = (-1, 0)
(1 + w + 1, 2 + z) = (-1, 0)
1 + w + 1 = -1; 2 + z = 0  w = -3; z = -2

v. 2[(1, 2)  (3, 4)] and [2(1, 2)]  [2(3, 4)]

2[(1, 2)  (3, 4)]  = 2(5, 6) = (5, 12) 
[2(1, 2)]  [2(3, 4)] = (1, 4)  (3, 8) = (5, 12)




vi. (1+2) (3, 4) and [1(3, 4)]  [2(3, 4)]

(1+2) (3, 4)  = 3(3, 4) = (3, 12) 
[1(3, 4)]  [2(3, 4)] = (3, 4)  (3, 8) = (7, 12)

2. Does Axiom (a) in the Definition of a Vector Space hold? Explain.

Yes, u  v = (a, b)  (c, d) = (a + c + 1, b + d) and since a + c + 1 and b + d are real numbers, u  v is in V for all vectors u and v in V.

3. Does Axiom (b) in the Definition of a Vector Space hold? Explain.

Yes, cu = c(a, b) = (a, cb) and since a and cb are real numbers, cu is in V for all scalars c in R and all vectors u in V.

4. Does Axiom (1) in the Definition of a Vector Space hold? Explain.

u  v = (a,b)  (c,d) = (a+c+1, b+d)
v  u = (c,d)  (a,b) = (c+a+1, d+b) = (a+c+1, b+d)
Yes, since u  v = v  u.

5. Does Axiom (2) in the Definition of a Vector Space hold? Explain.

(u  v)  w =[(a, b)  (c, d)]  (e, f) 
             = (a + c + 1, b + d)  (e, f) 
             = ((a + c + 1) + e + 1, (b + d) + f) 
             = (a + c + e + 2, b + d + f)

u  (v  w) = (a, b)  [(c, d)  (e, f)] 
             = (a, b)  (c + e + 1, d + f) 
             = (a + (c + e + 1) + 1, b + d + f) 
             = (a + c + e + 2, b + d + f)

Yes, since (u  v)  w = u  (v  w).




6. Does Axiom (3) in the Definition of a Vector Space hold? First suppose 0V = (x, y) and solve the equation (a, b)  (x, y) = (a, b) for x and y. Explain. (You might look at your answers to Q1, ii. & iii.)

(a, b)  (x, y) = (a, b)
(a + x + 1, b + y) = (a, b)
a + x + 1 = a ; b + y = b 
x=-1, y=0 0V = (–1, 0)
So, if u is any vector in V,  
u  0V = (a, b)  (-1, 0) = (a – 1 + 1, b + 0) = (a, b)
Yes, Axiom 3 holds and 0V = (–1, 0).



7. Does Axiom (4) in the Definition of a Vector Space hold? Suppose u = (a, b) and let –u = (s, t). Solve the equation (a, b)  (s, t) = (x, y) for s and t where x and y are the values you found in Question 6. Explain. (You might look at your answer to Q1, iv.)

u  –u = 0V  
(a, b)  (s, t) = (–1, 0)
(a + s + 1, b + t) = (–1, 0)
a + s + 1 = –1; b + t = 0
s = –a – 2; t = –b
So, yes, Axiom 4 holds: if u = (a, b) is a vector in V, then               –u = (–a – 2, –b)  is in V since –a – 2 and –b are real numbers and 
u  –u = (a, b)  (–a – 2, –b) 
    = (a – a – 2 + 1, b + –b) 
    = (-1, 0) 
    = 0V  



8. Does Axiom (5) in the Definition of a Vector Space hold? Explain.

Yes, 1u = 1(a, b) = (a, 1b) = (a, b).

9. Does Axiom (6) in the Definition of a Vector Space hold? Explain.

(st)u = (st)(a, b) = (a, (st)b) = (a, stb) 
s(tu) = s[t(a, b)] = s(a, tb) = (a, s(tb)) = (a, stb)
Yes, since (st)u = s(tu).



10. Does Axiom (7) in the Definition of a Vector Space hold? Explain. (You might look at your answer to Q1, v.)

s(u  v) = s[(a, b)  (c, d)] 
         = s(a + c + 1, b + d) 
         = (a + c + 1, s(b + d)) 
         = (a + c + 1, sb + sd)

(su)  (sv) = [s(a, b)]  [s(c, d)] 
                 = (a, sb)  (c, sd) 
                 = (a + c + 1, sb + sd)

Yes, since s(u  v) = (su)  (sv).



11. Does Axiom (8) in the Definition of a Vector Space hold? Explain. (You might look at your answer to Q1, vi.)

(s + t)u = (s + t)(a, b) 
        = (a, (s + t)b) 
       = (a, sb + tb)

(su)  (tu) = [s(a, b)]  [t(a, b)] 
                 = (a, sb)  (a, tb) 
                 = (2a + 1, sb + tb)

No, (s + t)u ≠ (su)  (tu).

12. Do you think V together with this new definition of "vector addition" and "scalar multiplication" is a vector space? Why or why not? Explain.

No, because Axiom 8 did not hold.
