Math 175, Fall 2010
H. Jordon

Solutions to Take-Home Exam 4

1. Let V ={(a,b) | a,b € R} and define the operations of vector addition ® and scalar
multiplication © as follows:

(a,0) @ (c,d) = (a+c+1,0+d—1)
and for a real number £,
k©® (a,b) = (a, kb).

It turns out that (V,®,®) is not a vector space. However, (V,®,®) does satisfy
many of the axioms of a vector space. Determine, with explanation, which of the
8 axioms of a vector space, giving on pp. 490 of your textbook, (V,®,®) does
satisfy. If (V,®,®) does not satisfy an axiom, give a specific example to show the
given axiom fails.

(1) (a,0) @ (c,d)=(a+c+1,b+d—1)=(c+a+1,d+b—1)=(c,d) D (a,b)
(2) Ea, b)d[(c,d)® (e, f)] = (a,b)®(c+e+1,d+ f—1) = (a+(c+e+1)+1,b+(d+ f—1)—1)
(

at+ct+e+2,b+d+ f—2)and [(a,b) @ (c,d)]D (e, f) =(a+c+1,b+d—1)D (e, f) =
(a+c+1)+e+1,(b+d—1)+f—-1)=(a+c+e+2,b+d+ f—2)

(3) Oy =(—1,1) € V since (a,b) & (—1,1) =(a—14+1,b+1—-1) = (a,b)

(4) Let (a,b) € V. Consider (=2 —a,2—-0) € V and (a,b) & (—2—a,2—0b) = (a + (-2 —
a)+ 1,0+ (2,0) — 1) = (—1,1) = Oy

(5) 1® (a,b) = (a,1-b) = (a,b)

(6) (st) ® (a,b) = (a, (st)b) = (a,s(th)) = s ® (a,th) = s O |

(7) Consider 20[(1,2)®(3,4)] = 20(5 5) (5,10) and 26(

(t® (a,b)]

,5) = 1

(5,11) so that 2 [(1,2) ® (3,4)] #2© (1,2) $ 2 ® (3, 4)
(3,

,2)020(3,4) = (1,4)®(3,8) =

(8) Consider (1+2)®(3,4) =3®(3,4) = (3,12) and 1® (3,4) ®2>(3,4) = (3,4) ®(3,8) =
(7,11) so that (1+2) ® (3,4) #1© (3,4) &2 (3,4).



2. Let A be an n x n matrix with eigenvalue \.

(a) Let k be a positive integer. Prove that \* is an eigenvalue of A*.

Let A be an n X n matrix with eigenvalue A. Then, there exists a nonzero vector v such
that Av = Av. Consider

Afv = A (Av)
= A1)
= AAMY)
= A[A"2(Av)]
= A4 (wv)]
— A2(AF2y)

= \v
Thus, A\* is an eigenvalue of A*.

(b) Suppose there exists a positive integer £ such that A* = I,. Determine the
eigenvalues of A.

Suppose A* = I. We have already noted that if A is an eigenvalue of A, then \* is an
eigenvalue of A and furthermore, if v is the corresponding eigenvector for eigenvalue A,
then v is also an eigenvector for eigenvalue \*. So,

Afv = Ny
Iv = Mv
v = Mv.

Note that if v; is the ith coordinate of v, then, v; = Av; or 1 = M\*. Thus, X is the
kth primitive root of unity, given by A = [cos(27/k) + isin(27/k)]? where j is relatively
prime to k.



0
3. Let a,b be distinct real numbers. Prove that 0 | is not diagonalizable.
b

O = Q
o 2 O

Clearly, the eigenvalues of A are a, with multiplicity 2, and b with multiplicity 1. We wish to
0

0 0
show that the eigenspace for eigenvalue a has dimension 1. Consider A—al = | 1 0 0 ,
00 b—a

. Thus, the dimension of Null(A—al) is 1 and A is not diagonalizable.

o O O
o = O

1
whose rrefis | 0
0

4. Let T : Moys — P3 be defined by T ({ ‘(’; Z

4d)x? + (5b + c) 3.

D =(0b—-3d)+ 2a+c—d)x+ (a—20+

(a) Prove that T is a linear transformation.

Let [a b]’[e f}e./\/lgxgandsbeascalar. Then
c d 9 g

r(le el o)

at+e b
([t i)
= [(b+f)=3(d+hn)]+[2a+e)+(ct+g)—(d+h)]z+[(at+e)—20b+ f)+4(d+ h)z?
+[5(b+ f) + (c+ g)]a”
= [(b—3d)+ (2a +c — d)x + (a — 2b + 4d)z* + (5b + c)2?]
+[(f —3h) + (2e + g — h)x + (e — 2f +4h)a* + (5f + g)2”]

(e al) (s al)
r(leal) = (L))

= (sb—3sd) + (2sa + sc — sd)x + (sa — 2sb + 4sd)x* + (5sb + sc)z*
= s[(b—3d) + (2a +c—d)x + (a — 2b + 4d)x* + (5b + ¢)2”]

()



(b) Find a basis for the null space of 7. Is T' one-to-one? Why or why not?

WesolveT({CCL Z}) = (b—3d) + (2a + ¢ — d)x + (a — 2b + 4d)x* + (5bb + ¢)z® =
0 + 0x + 022 + 023. So,
b—3d = 0
2a+c—d = 0
a—2b+4d = 0
5b+c = 0
0 1 0 -3
. 2 0 1 -1 .
Consider the rref 1 -2 0 4 = I4. Hence, the only solution isa = b = ¢ =
0 5 1 0

d = 0 so that Null(T") = On,,,. Hence, T is one-to-one.

(c) Find a spanning set for the range of 7. Is 7' onto? Why or why not?

Range T' = Span{2z + 22,1 — 222 + 523, & + 23, -3 — v + 42%}. T is onto since dim Null
T =0 and dim Myys = 4 so that dim Range T'= 4 = dim Ps.

5. Let (V,®,®) be a vector space. Prove that (—c) ® (—v) = c®v for every vector v in
V and scalar ¢ using the axioms and properties of a vector space (Theorem 7.2).
Justify each of your steps by stating which axiom/property you are using.

Let (V, &, ®) be a vector space. Let ¢ a scalar and let v € V. Consider

(—c)®(=v) = (—¢)®[(-1)©®v] Thm 7.2 (g)
= (—c-—1)Gv Axiom 6
= cOuw.

6. Let A be a n x n diagonalizable matrix. Prove that A” is diagonalizable. What
are the eigenvalues of AT?

Let A be a nxn diagonalizable matrix. Then, there exists an invertible matrix P and diagonal
matrix D such that A = PDP~!. Then, AT = (PDP~ ) = (P~HYTDTPT = (PT)"'DTPT.
Let Q = (PT)7! and note that DT = D since D is a diagonal matrix. Then @ is invertible
and AT = QDQ~!. Hence, the entries on the diagonal of D are the eigenvalues of A”; hence
A and AT have the same eigenvalues.



c—a b

7. Let W:{{a_b b—c} ]a,b,cE]R}.

(a) Show that W is a subspace of V = Mo..

1 0 11 0 -1 .
I/V—Span{l_1 0],[0 1],[1 0 }}sothathasubspace.

(b) Find a basis for W and determine its dimension.

1 1 0 1 00
: 0 1 -1 010 . o
Consider rref 10 1 =100 1|% the spanning set above is linearly
0 1 0 000

independent. Thus, dim W = 3 and this spanning set is a basis.

-1 is in the span of the set

8. Find the value(s) of r so that the matrix _1

s={[2 1) [0 [ ])

Solve ¢, { :1 2 } +co [ _2 -1 }4—03 [ -2 } = { -1 _i } , giving the following equa-

1 1 0 0 3 r
tions:
—c1+2c0—c3 = —1
2c0 —cg+2c3 = 1
—Cc1—C =T
c1 + 3¢ = —1.

The solution to this system is ¢; = 1,¢0 = —1/3,¢3 = —2/3 so that r = —2/3.

9. Determine, with explanation, whether the set S = {—1+22?+ 23 1+2z—2*— 23 2v —
2?2 + 23, —1 4 3z + 2% + 223} is linearly independent.

We wish to solve ¢1(—1+2z%+23) +co(1+x— 22— 2%+ c3(2x — 22 +23) + ey (— 143z + 22+ 223) =
0+0x+02%+023, or (—ci+co—cy)+(cat+203+3cs) T+ (201 —Cca—c3+c4) T2+ (01— o+ e3+2¢4 ) 2® =
0 + 0z + 022 + 023. Equating coefficients on both sides gives rise to the following equations:
—c1+c—c4 = 0
co+2c3+3c, = 0
2ci —cg—cg3+cy = 0
0

cp—Cyt+cg+2¢ =

-1 1 0 -1
. o 1 2 3 . . .
Since rref 9 1 _1 1 = Iy, the only solution to this system is ¢; = ¢ = ¢3 =
1 -1 1 2

¢y = 0 so that these vectors are linearly independent.



