Math 175
H. Jordon

Section 7.1 Vector Spaces
Definition: A (real) vector space is a set V of objects we call vectors with two operations: vector
addition @ and scalar multiplication ® such that

(a) ud® v eV for all vectors u,v € V

b) c®u €V for all scalars ¢ € R and vectors u € V

1) u®v=uv®u for all vectors u,v € V

2) (udv)dw=ud (v w) for all vectors u,v,w € V

3) there exists Oy € V such that u ® 0y = u for all vectors u € V'

5) 1®u = u for all vectors u € V
6) (ab) ©u=a® (b® u) for all scalars a,b € R and vectors u € V

7

(b)

(1)

(2)

(3)

(4) for all vectors u € V, there exists —u € V' such that u® —u = —u® u = Oy
(5)

(6)

(7) a® (udv) =(a®u)® (a®v) for all scalars a € R and vectors u,v € V
(8)

8) (a+b)®u=(a®u)® (b u) for all scalars a,b € R and vectors u € V

1. Verify that R™ together with ordinary vector addition and scalar multiplication is a vector space:

(a) u+v e R" for all vectors u,v € R" since ...
(b) cu € R™ for all scalars ¢ € R and vectors u € R” since ...

(1) u+v =v+u for all vectors u,v € R"

Theorem

(2) (u+v)+w=u+ (v+w) for all vectors u,v,w € R”

Theorem

(3) there exists Ogn € V' such that u + Ogn = u for all vectors u € R"

Ogrn = ; Theorem

(4) for all vectors u € R™, there exists —u € R" such that u+ —u = Og»

Theorem

(5) 1u = u for all vectors u € R™ since ...



(6)

(7)

(8)

(ab)u = a(bu) for all scalars a,b € R and vectors u € R”

Theorem

a(u+v) = au + av for all scalars a € R and vectors u,v € R"

Theorem

(a 4+ b)u = au + bu for all scalars a,b € R and vectors u € R"

Theorem

2. Verify that My« = {A | A is an m x n matrix} together with ordinary matrix addition and scalar
multiplication is a vector space:

(a)

(b)

(1)

(2)

A+ B e M,,xn for all “vectors” A, B € M,,x, since ...

cA € M, %, for all scalars ¢ € R and “vectors” A € M,,«, since ...

A+ B = B+ A for all “vectors” A, B € M,,xn

Theorem

(A+B)+C=A+ (B+C) for all “vectors” A, B,C € My,xn

Theorem

there exists Ong,,,,, € Mmxn such that A+ 0py,, ., = A for all “vectors” A € My, xp

Onm,, sy = ; Theorem

for all “vectors” A € My,xn, there exists —A € M« such that A+ —A =0,

Theorem

1A = A for all “vectors” A € M« since ...

(st)A = s(tA) for all scalars s,t € R and “vectors” A € My,xn

Theorem

s(A+ B) = sA + sB for all scalars s € R and vectors A, B € M,xn

Theorem

(s+1t)A = sA+tA for all scalars s,t € R and “vectors” A € M,,xn

Theorem




3. Suppose S = R? = {(a,b) | a,b € R}. Define two operations on S by (a,b) @ (¢,d) = (a + ¢,0) and
k ® (a,b) = (ka, kb). It turns out that (S,®,®) is not a vector space. Find an axiom that fails.

4. Suppose S = R? = {(a,b) | a,b € R}. Define two operations on S by (a,b) ® (c,d) = (a + ¢,b+ d)
and k ® (a,b) = (ka,b). It turns out that (S, ®,®) is not a vector space. Find an axiom that fails.

5. Suppose S = R? = {(a,b) | a,b € R}. Define two operations on S by (a,b)®(c,d) = (a+c+1,b+d+1)
and k © (a,b) = (ka, kb). It turns out that (S, ®, ®) is not a vector space. Find an axiom that fails.

6. Is § = {[ Cll ll) ] | a,b e ]R} with ordinary matrix addition and ordinary scalar multiplication a

vector space? Why or why not?



Two other examples of vectors spaces:

e P = {p(x) =aop+ a1z + asx® + -+ + a,2" | a; € R}, the set of all polynomials with addition
and scalar multiplication defined as follows: if p(z),q(x) € P and ¢ € R, then

p(x) ®qlz) = (ao+az+ax®+ - +anz™) + (bo + b1z + boaz® + - - + bpa™)
= (ag+bo) + (a1 +b1)x + (az +ba)x® + - - + (an + bp)z"

and ¢ ® p(x) = c(ag + a1x + agz? + -+ + ana™) = (cag) + (car)z + (cag)x® + - - + (can)z™.

o L(R"R™) = {T : R® — R™ | T is a linear transformation} with addition and scalar mul-
tiplication is defined as follows: if U, T € L(R",R™) and ¢ € R, then U & T is the linear
transformation defined by (U & T')(v) = U(v) + T'(v), and ¢ ® T is the linear transformation
defined by (c® T)(v) = T'(v).

7. What is 0p?

8. 0,7

There are many important facts that we can derive from the axioms of a vector space. Prove these facts
by filling in the blanks below.

Theorem 7.2 Let (V,®,®) be a vector space. Then for all u,v,w € V and scalars a € R, the following
statements are true:

(a) udv=wdv then u =w
(b) u®v=u®w then v=w

¢) Oy is unique

(
(d

For every v € V, there is a unique —v € V such that v & —v = Oy

f) a® 0y =0y

)

)

)

)

(e) 0Ov =0y
(f)

(g) -10v=—v
(h)

h) (~a) 00 =a® (~v) = —(a O v)



Proof.

(a)

(e)

Suppose u B v =w P v.

Then (u®v) B —v=(wdv) D —v.

Sou® (v —v)=wd (vd —v) by Axiom ___ of a vector space.
Then u @ (0y) = w @ (0Oy) by Axiom ___ of a vector space.

So u = w by Axiom of a vector space.

Suppose u ®v = u B w.

We want to show 0y is unique. The property for Ov is that u & Oy = u for all w € V. So, suppose
there are two such vectors, say Oy and 0'V are two vectors in V such that «® 0y = u and u@O'V =u
for all vectors u € V.

Then, with u = Oy and using 0%, we have Oy & 0%, =
Also, with v = 0%, and using Oy we have 0%, & Oy =
Now, since Oy @ 0y, = 0§, ® Oy by Axiom of a vector space, we have =

Thus, 0y is unique.

Now we want to show that for every v € V, —v € V unique. The property for —v is that v —v = Oy
Let v € V. The property for —v is that v ® —v = Oy. Suppose there are two vectors —v,w € V such
that v® —v = 0y and v & w = Oy,.

So, =

Using part , we get —v = w and thus —v is unique.
Now we show 0 ® v = Oy for every v € V. Let v € V. Now

0ov)e(0ov) = ( ) ©v by Axiom ____ of a vector space
= _ O
0ev)®(0ov) = (00v)® 0y by Axiom ____ of a vector space
0®v = Oy bypart



(f) Now we show a ® Oy = Oy for every scalar a. Let a be a scalar. Consider

a®0y = a®(_@®__ )by Axiom ___ of a vector space
= &) by Axiom __ of a vector space
a®0y®0y = aO®0y ®a®O0y by Axiom ___ of a vector space
So Oy =a® 0y by part ___.
(g) Next, we show —1 ® v = —wv for every vector v € V. So
v@®(-1)ov = (___©ov)®d(-10v) by Axiom ___ of a vector space
= (__+_ )®vbyAxiom ___ of a vector space
= Oy by part
Since —v is unique by part ___ and v @ (—1) ® v = Oy, we have —1 ® v = —v.

(h) Now we show (—a) ®v=a® (—v) = —(a ®v).

and

(—a)®w

(a-__)oOw
a® (—1®v) by Axiom ___ of a vector space
a® ( ) by part ____

(__-a)owv
—1® (a ®v) by Axiom ____ of a vector space

—(___ )bypart___



