1.  Let p > 1 be prime.  Let a be a nonzero element of Zp.  Suppose we wish to solve the equation ax = b in Zp.  How do you find the solution?

Solution 1: Plug in each integer less than p and see which one yields b in Zp when multiplied by a. That integer will be the solution.

Solution 2: You know that gcd (a,p) = 1 because p is prime and a is a nonzero element of Zp.
So, find integers u and v such that au + pv = 1.
Then, x = [ub].


2. Continuing from question 1, why is the solution to ax = b unique?  Suppose v and w are two solutions, say av = b and    aw = b in Zp.  Prove v = w.

If you subtract the two equations, you get av - aw = b - b = 0. So a(v - w) = 0. By Thm 2.8, if p is prime and ab = 0, then a = 0 or b = 0. Since, by hypothesis, a /= 0, we have v - w = 0, so v = w. 


3. Recall the 11 properties of Z under addition and multiplication and that we had decided many of these properties were also true in Zn, using congruence class addition and multiplication.  Which property or properties were not always true in Zn?

The No Zero Divisors property is not always true in Zn because you can have 2*3 = 6 = 0 in Z_6, but 2 /= 0 and 3 /= 0. All the other properties also hold true for Zn.


4.  Which of the 11 properties of Z under addition and multiplication define a ring? A commutative ring?  A ring with identity? A commutative ring with identity? An integral domain? A field?
Ring: closure of addition and multiplication, associative addition and multiplication, commutative addition, an additive identity, an additive inverse, and distributive laws

Commutative Ring: All the properties of a ring with the addition of commutative multiplication

Ring with Identity: All the properties of a ring with the addition of a multiplicative identity

Commutative Ring with Identity : All the properties of a ring with the addition of commutative multiplication and a multiplicative identity

Integral Domain:  All the properties of a commutative ring with identity with the addition of the no zero divisors property

Field: All the properties of a commutative ring with identity with the addition of the following property : For each a /= 0R in R, the equation ax = 1R has a solution in R.

5.  True or False:

i) A ring is an integral domain.

False

ii) An integral domain is a ring.

True

iii) An integral domain is a field.

False

iv) A field is an integral domain.

True
v) A commutative ring with identity is an integral domain.

False

vi) An integral domain is a commutative ring with identity.

True
