In the following questions, assume R is a ring and that a and b are elements of R.

1. Does a + x = b have a unique solution?  Why or why not?
Yes.  x = b - a is a solution because 
a + [b ( a] = a + [b + (a] 

                  = a + [(a + b] 

                  = [a + (a] + b 

                  = 0R + b 
                  = b.
If w is any other solution, then a + w = b = a + (b ( a).  Hence,  w = b ( a by Theorem 3.4.  Therefore, x = b ( a is the only solution.


2.  Let a be a unit in R.  Do the equations ax = b and ya = b have unique solutions, i.e., one solution for EACH equation? Why or why not?
Let a be a unit in ring R. First, observe that a(a-1b) = (aa-1)b = 1Rb = b so that ax = b has solutions. Now suppose c is a solution to ax = b.  Then ac = b, or

                    a-1(ac) = a-1b, or

                    (a-1a)c = a-1b, or

                         1Rc = a-1b, or

                             c = a-1b.

Thus, c = a-1b is the only solution to ax = b.  Similarly, the only solution to ya = b is y = ba-1. 

3.  Give an example of a ring R and elements a (unit) and b such that the equations  ax = b and ya = b have different solutions.

Let A, B, C, D be elements of M(R) where

[image: image1.wmf]ú

û

ù

ê

ë

é

=

1

0

2

1

A

, 
[image: image2.wmf]ú

û

ù

ê

ë

é

-

=

1

1

1

4

B

, 
[image: image3.wmf]ú

û

ù

ê

ë

é

-

=

1

1

3

2

C

, 
[image: image4.wmf]ú

û

ù

ê

ë

é

-

-

=

3

1

7

4

D

.

Then AC = B and DA = B so that that the solutions to the equations AX = B and YA = B have different, yet unique, solutions.
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