Many properties of rings are "preserved" under isomorphism.  That means that if R and S are isomorphic rings and R has property P, then S has property P also.

For the following questions, assume that ring R is isomorphic to ring S.  Thus, there exists an isomorphism f: R --> S.  Use f to prove the following statements.

1.   Prove that if R is a commutative ring, then S is a commutative ring.

Let s, t ( S.  We wish to show s t = t s.  Since f is onto, there exists        a, b ( R such that f(a) = s and f(b) = t.  

So, s t = f(a) f(b) 

          = f(a b)         since f preserves multiplication

          = f(b a)         since R is commutative

          = f(b) f(a)     since f preserves multiplication

          = t s.

Thus, S is commutative.

2.  Prove that if R has identity, then S has identity and f(1R) = 1S.

We want to show 1S = f(1R) or that s f(1R) = s = f(1R) s for all s ( S.  Let      s ( S.  Since f is onto, there exists a ( R such that f(a) = s.  Consider      s f(1R) = f(a) f(1R) = f(a 1R) = f(a) = s  and f(1R) s = f(1R) f(a) = f(1R a) = f(a) = s.  Thus, 1S = f(1R).

3.  Prove that if R is an integral domain, then S is an integral domain.

We wish to show that whenever s t = 0S in S, then s = 0S or t = 0S.  Let          s, t ( S with s t = 0S.  Since f is onto, there exists a, b ( R such that    f(a) = s and f(b) = t.  So, 
                                            s t = 0S 

                                   f(a) f(b) = 0S 

                                   f(a) f(b) = f(0R)  

                                        f(ab) = f(0R).  

Since f is one-to-one, ab = 0R.  Since R is an integral domain, a = 0R or  b = 0R.  Hence, s = f(a) = f(0R) = 0S or t = f(b) = f(0R) = 0S.

4.  Prove that if R is a field, then S is a field.
Let s ( 0S be in S.  We wish to show s has a multiplicative inverse.  Since f is onto, there exists a ( R such that f(a) = s.  Since s ( 0S  we know a ( 0R.  Thus, since R is a field, a has a multiplicative inverse, a-1 with 
                                   a a-1 = 1R = a-1 a 
                              f(a a-1) = f(1R) = f(a-1 a)

                            f(a) f(a-1) = 1S = f(a-1) f(a)
                                s f(a-1) = 1S = f(a-1) s.

Thus s is invertible with multiplicative inverse s-1 = f(a-1).

