1.  Suppose f(x) = g(x)h(x) where f(x) is in Z[x] but g(x), h(x) are in Q[x].  Then, there exists integers a and b such that ag(x) and bh(x) are in Z[x].  So, abf(x) = [ag(x)][bh(x)].  Suppose p is a prime divisor of ab.  What does Lemma 4.21 imply about the relationship between p and [ag(x)][bh(x)]?

Lemma 4.21 says that since p divides [ag(x)][bh(x)], then p divides all the coefficients of ag(x) or p divides all the coefficients of bh(x).


2.  Use your answer to Question 1 to re-write abf(x) = [ag(x)][bh(x)].
Suppose p divides all the coefficients of ag(x).  Then, ag(x) = p*u(x) for some u(x) in Z[x] with deg u(x) = deg g(x). Also, since p divides ab, we know ab = pt for some integer t.  Thus,

ptf(x) = [pu(x)][bh(x)] or tf(x) = u(x)[bh(x)].

If we continue in this manner, we can eventually get                f(x) = g’(x)h’(x) where g’(x), h’(x) are in Z[x].

3.  Consider the polynomial f(x) = x3 + 6x2 + 3x + 3.  Use Eisenstein's Criterion to prove that f(x) is irreducible.
3 is a prime such that 3 | 3, 3 | 6, 3 /| 1 and 9 /| 3, so f(x) is irreducible.

4.  Consider the polynomial 7x5 + 10x4 + 5x2 + 4x + 11 in Q[x].

i. Reduce this polynomial to a polynomial g(x) in Z2[x].

g(x) = x5 + x2 + 1 in Z2[x]


ii. Show that neither x nor x+1 is a factor of g(x).

x5 + x2 + 1 = x(x4 + x) + 1 in Z2[x], so x does not divide g(x). Thus, it is not a factor of g(x).

x5 + x2 + 1 = (x + 1)(x4 + x3 + x2) +1 in Z2[x], so x+1 does not divide g(x). Thus, it is not a factor of g(x).


iii. Show that x2 + x + 1 is not a factor of g(x).

x5 + x2 + 1 = (x2 + x + 1)(x3 + x2) + 1 in Z2[x], so x2 + x + 1 does not divide g(x). Thus, it is not a factor of g(x).


iv.  Why do i., ii., and iii. imply that g(x) is irreducible in Z2[x]?
i. and ii. imply that g(x) has no linear factors in Z2[x].  There is only one irreducible polynomial of degree 2 in Z2[x] and iii. tells us it’s not a factor of g(x).  If g(x) was reducible, it would have to have a factor of degree 1 or degree 2 and since g(x) does not have a factor of degree 1 or degree 2, it’s irreducible.

v.  Why can you conclude that f(x) is irreducible in Q[x]?
By Theorem 4.24, f(x) is irreducible in Q[x] since g(x) is irreducible in Z2[x] and 2 /| 7.
