1.  Suppose f(x) is a polynomial of degree n > 0 in C[x].  We know that f(x) has a root -- say f(a) = 0 for some complex number a.  Then f(x) = (x ( a)g(x) where g(x) is in C[x].  What can you say about g(x)?
The degree of g(x) is n ( 1.


2.  Under what circumstances can you continue the argument in Question for g(x)?

You can continue this argument for g(x) as long as deg g(x) > 0. 


3.  Now suppose f(x) is a polynomial of degree n > 0 in R[x], i.e., with real coefficients.  Suppose f(x) has no real roots.  

i. What can you say about deg f(x)?  How come?

deg f(x) is even because it will have n roots (all complex). Since complex roots come in pairs, there must be an even number of roots. So n must be even as well. 

ii. Under what conditions is f(x) irreducible in R[x]?

f(x) is irreducible in R[x] if and only if f(x) has degree 1 or if    b2 - 4ac < 0 for f(x) = ax2 + bx + c.
In this case, we know deg f(x) is not 1 since it has no real roots.  Thus, f(x) = ax2 + bx + c where b2 ( 4ac < 0.

4.  What can you say about polynomials in R[x] with odd degree?
They must have at least one real root.
