Let (G, *) be a group.

1.  Suppose e and e' are two elements of G such that 
a * e = a = e * a and a * e' = a = e' * a
for every element a.  Prove that e = e'.
e*e' = e' by the first equation where a = e'
e*e' = e by the second equation where a = e

Thus, e = e*e' = e'.  Hence the identity is unique.
  
2.  Suppose that a * c = e = c * a AND a * d = e = d * a for elements a, c, d of G.  Show that c = d.

c = e * c = (d * a) * c = d * (a * c) = d * e = d

Note:  This shows that the inverse of an element a is unique and thus we denote the inverse of a by a-1.


3. Does left and right cancellation hold in a group?

Yes, suppose 

a * c = a * b.

a-1 * (a * c) = a-1 * ( a * b)

(a-1 * a) * c = (a-1 * a) * b

e * c = e * b

c = b

Right cancellation is similar.

4.  What's the order of the element 2 in Z6?  What's the order of the element 3 in Z6? 4? 1?

The order of 2 in Z6 is 3 since 2 + 2 + 2 = 0 and 2 + 2 = 4 ( 0.

The order of 3 in Z6 is 2 since 3 + 3 = 0 and 3 ( 0.

The order of 4 in Z6 is 3 since 4 + 4 + 4 = 0 and 4 + 4 = 2 ( 0.


The order of 1 in Z6 is 6 since 1 +1 + 1 + 1 + 1 + 1 = 0 and 

1 + 1 + 1 + 1 + 1 = 5 ( 0.


5. Consider the 90 degree rotation in the group of symmetries of the square, D4.  What's the order of this group element?  What's the order of the vertical flip in D4?  Of any flip in D4?
The order of the 90 degree rotation is 4.

The order of the vertical flip is 2.

The order of any flip is 2.
