Let Z denote the integers, Q denote the rationals, R denote the reals, and C denote the complex numbers.

1.  Is x3 + 2 irreducible in Q[x]?  In R[x]?  In C[x]?

It is irreducible in Q[x] since its roots are not rational.
It is reducible in R[x] since 
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It is also reducible in C[x] since it's reducible in R[x] and R[x] is a subset of C[x].


2. Suppose r/s is a root of f(x) in Z[x], where r and s are integers and r/s is in lowest terms.  What linear polynomial in Z[x] divides f(x)?
(x – (r/s)) | f(x) so s(x – (r/s)) = sx – r divides f(x)

3.  Based on your answer to Question 2, if an is the leading coefficient and a0 is the constant term of f(x), what is the relationship between r, s, an and a0?

We have (sx – r) | f(x) so 

anxn + … + a1x + a0 = (sx – r)(bn–1xn–1 + … + b1x + b0).  

Since an and s are integers and an = sbn–1, it follows that bn–1 is an integer so that s | an .  Similarly, a0 and r are integers and a0 = rb0 so that b0 is an integer and r | a0.

4. True or False:  There are irreducible polynomials of every degree in Q[x].
True
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