We have seen that a connected multigraph has an Euler path if and only if it has exactly two vertices of odd degree. Let's prove this result from the characterization of connected multigraphs with Euler circuits. 

Recall: A connected multigraph has an Euler circuit if and only if every vertex has even degree.

1. Let G be a connected multigraph with exactly two vertices of odd degree, say vertices u and v are the two vertices of odd degree in G (so all other vertices have even degree).

i. Construct the multigraph H from G by adding the edge uv, i.e., H = G + uv. What can you say about H? Is H connected? What are the degrees of its vertices?

H is a multigraph that is connected. The degrees of its vertices are u and v are now even and all others vertices have even degree.

ii. Does H have an Euler circuit? If yes, why; if no, why not?

Yes, since H is a connected multigraph with all even degrees, H has an Euler circuit C.


iii. How can you construct an Euler path in G from H?

The Euler path would be C – uv.


iv. If we were working with graphs, rather than multigraphs, could we have constructed the graph H? What would we have had to worry about?

We would not necessarily have been able to construct the graph H. We would have to worry about whether or not the vertices u and v were already adjacent in G. If the vertices u and v were already adjacent in G, then, adding another edge uv would have resulted in a multigraph, not a graph.


2. What is a Hamiltonian cycle in a (multi)graph? 

A Hamiltonian cycle is a cycle that includes each vertex.

3. Give an example of a graph with a Hamiltonian cycle but no Euler circuit. (You can reference figures in the book, complete graphs, complete bipartite graphs, etc.)

· Exercise 4 in Section 4.1, but add an edge from A to B and an edge from C to D and a vertex at the cross in the center.
· Figure 4.19(c)

· Figure 4.21 (a) has a hamiltonian cycle but no euler circuit.

· Figure 4.22 in the book is and example of a Hamiltonian cycle but no Euler circuit as this graph has vertices of odd degree.

· Figure 4.24 (a) has a Hamilitonian cycle, but it is not a Euler cycle because not all veritices have even degrees
· Ex. 22 on page 177

4. Give an example of a graph with an Euler circuit but no Hamiltonian cycle.
· Figure 4.1 from the book
· An example would be the graph in number 15 in the 4.2 homework problems as the vertex in the middle is not connected to the rest of the graph.

· Question 35 on page 178

· An hourglass figure with a vertex at each corner and in the center.

5. Is Theorem 4.6 a necessary or sufficient condition for a graph to have a Hamiltonian cycle?

It is a sufficient condition for a graph to have a Hamiltonian cycle.  It is not necessary since there are graphs having Hamiltonian cycles that do not satisfy the hypothesis of this theorem.
