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Motivation.

Orthogonal polynomials have come up in the

study of continued fractions, operator theory (Ja-

cobi operators), moment problems, analytic func-

tions (Bieberbach’s conjecture), interpolation, Padé

approximation, quadrature, approximation the-

ory, numerical analysis, electrostatics, statistical

quantum mechanics, special functions, number

theory (irrationality and transcendence), graph

theory (matching polynomials), combinatorics,

random matrices, stochastic processes (birth and

death processes, prediction theory), data sorting

and compression, Radon transform, and com-

puter tomography.∗

Besides, Wenhua likes them.

∗Totik
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Examples of three-term recurrence relations.

Consider the zoological recurrence relation

Fn+2 = Fn+1 + Fn, F−1 = 1, F0 = 0

(note: F1 = 1), which gives us the Fibonacci

sequence describing the mating behavior of rab-

bits.

The relation above is an example of a “second-

order, linear, homogeneous difference equation

with constant coefficients”:

xn+2 = a xn+1 + b xn.

If the coefficients a, b are in C, and the auxiliary

equation λ2 − aλ − b = 0 has roots α and β ∈ C,

then the primary solution (with initial conditions

x0 = 0, x1 = 1) is given by

xn =







αn−βn

α−β if α 6= β

nαn−1 if α = β.
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There are second-order, linear, homogeneous dif-

ference equations that are non-autonomous (the

coefficients depend on n). These also have unique

solutions once two initial conditions are specified.

For example, the Legendre polynomials satisfy

(n + 1)Pn+1(x) = (2n + 1) x Pn(x) − n Pn−1(x),

where Pn(x) ∈ R[x] (an integral domain). We

have

P0(x) = 1, P1(x) = x, P2(x) =
1

2
(3x2 − 1),

P3(x) =
1

2
(5x3 − 3x), . . .

Here’s another second-order, linear, homogeneous

difference equation with constant coefficients in

R[x]:

Un+1(x) = 2x Un(x) − Un−1(x),

whose primary solution is the Chebyshev polyno-

mial of the second kind, namely

U0(x) = 1, U1(x) = 2x, U2(x) = 4x2 − 1,

U3(x) = 8x3 − 4x, U4(x) = 16x4 − 12x2 + 1, . . .
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Actually, these polynomials give us the universal

solution of primary solution of any second-order

recurrence relation with constant coefficients:

Theorem.∗ The primary solution zn of the constant-

coefficient relation

xn+2 = axn+1 + bxn (n ≥ 0)

in an integral domain D is given by

zn+1 = ρn Un

(

a

2ρ

)

,

where ρ is a solution of ρ2 = −b in the algebraic

closure of the field of fractions of D.

(We will return to the topic of three-term recur-

rence relations.)

∗Aharonov et al.
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Orthogonal polynomials.

Any “weight function” ω ≥ 0 on R such that
∫

xn ω(x) dx < ∞

for all nonnegative integers n defines an inner

product on R[x] by

(p, q) :=

∫

p(x)q(x)ω(x) dx.

A sequence pn of real polynomials with deg(pn) =

n and pn monic is called orthogonal with respect

to this inner product if

(pi, pj) = 0 for i 6= j.

Examples of inner products:

∫ 1

−1
p(x)q(x) dx (Legendre)

1√
2π

∫ ∞

−∞
e−x2/2p(x)q(x) dx (Hermite)

∫ 1

−1
p(x)q(x) (1−x2)1/2dx (Chebyshev of 2nd kind).
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Existence and uniqueness.

Theorem. There exists a unique sequence pn(x)

of (monic) orthogonal polynomials with respect

to any weight function ω(x).

Proof. Induction on n. Let

pi(x) =
i−1
∑

r=0

ai,r xr + xi.

Then we have

p0(x) = 1 and p1(x) = x + a1,0,

and a1,0 can be determined from

0 = (p0(x), p1(x)) = (1, x + a1,0).

Assume that p0(x), . . . , pn−1(x) have been deter-

mined such that the orthogonality condition is

satisfied pairwise. Then we’ll have

pn(x) = xn + bn,n−1pn−1(x) + · · · + bn,0 p0(x),

where bn,i (as yet undetermined) do not depend

on x.
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For any r with 0 ≤ r ≤ n − 1, we take the inner

product of both sides with pr(x) to obtain

0 = (xn, pr(x)) + bn,r (pr(x), pr(x)),

or

bn,r(x) = − (xn, pr(x))

(pr(x), pr(x))
.

Thus,

pn(x) = xn +
n−1
∑

r=0

bn,r pr(x)

is uniquely determined.
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Recurrence relation for orthogonal polyno-

mials.

The following Theorem holds for all sequences

of orthogonal polynomials:

Theorem. Let pn(x) be a sequence of (monic)

orthogonal polynomials with respect to some mea-

sure on R. Then this sequence satisfies a second-

order recurrence relation

pn+1(x) = (x − an) pn(x) − bn pn−1(x) (n ≥ 1)

where

an =
(xpn, pn)

(pn, pn)
and bn =

(pn, pn)

(pn−1, pn−1)
.

Remark. The converse of the theorem is also

true, and is known as Favard’s Theorem.∗

∗See Godsil for sketch of proof.

10



Proof. The polynomial xpn(x) has degree n + 1

and is a unique linear combination of p0, p1, . . . , pn+1,

xpn(x) =
n+1
∑

k=0

ckpk(x).

Take the inner product of both sides with pj(x),

0 ≤ j ≤ n + 1, to obtain

(xpn(x), pj(x)) = cj(pj(x), pj(x)),

or,

cj =
(xpn, pj)

(pj, pj)
.

Since

(xpn, pj) = (pn, xpj),

we have cj = 0 unless j = n−1, n, or n+1. Then

cn−1 = bn and cn = an.
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Now, xpn−1(x) − pn(x) has degree at most n − 1

and is orthogonal to pn, so

(xpn−1, pn) = (pn, pn)

and

bn = cn−1 =
(pn, pn)

(pn−1, pn−1)
.

Also, we already have

an = cn =
(xpn, pn)

(pn, pn)
.

Finally, if j = n + 1, then xpn − pn+1 has degree

at most n, and is orthogonal to pn+1. So

(xpn, pn+1) = (pn+1, pn+1),

and

cn+1 = 1.
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Continued Fractions.

The study of continued fractions by Chebyshev
in late 19th century gave rise to orthogonal poly-

nomials.

A (simple) continued fraction (CF) is something

like this:

[7; 3,4, . . . ] = 7 +
1

3 + 1

4+1
...

The first term is an integer and the rest are pos-

itive integers. Any rational number is a finite
continued fraction, and vice versa. Example:

67

29
= 2 +

9

29
= 2 +

1
29
9

= 2 +
1

3 + 2
9

= 2 +
1

3 + 1
9
2

= 2 +
1

3 + 1

4+1
2

= [2; 3,4,2],

and
29

67
=

1

67/29
= [0; 2,3,4,2].
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The terms a0, a1, . . . , an in a simple CF repre-

senting a rational number u/v are nothing but

the quotients in Euclid’s algorithm to calculate

gcd(u, v):

u = a0v + r0





u

v
= a0 +

r0
v

= a0 +
1
v
r0





v = a1r0 + r1





v

r0
= a1 +

r1
r0

= a1 +
1
r0
r1





r0 = a2r1 + r2

r1 = a3r2 + r3
...

rn−2 = anrn−1 + 0.

You can see why the ai are also called partial

quotients.
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The fractions

[a0] =
h0

k0
, [a0; a1] =

h1

k1
, [a0; a1, a2] =

h2

k2
, . . .

for any CF [a0; a1, a2, a3, . . . ] are called the (ze-

roth, first, second, ...) convergents.

Theorem. The convergents of an infinite simple

CF converge to a limit which is greater than any

even convergent and less than any odd conver-

gent.

Not surprisingly,

Theorem. When an irrational number is ex-

panded into an infinite CF, the limit of the con-

vergents turns out to be that same irrational

number.
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Recurrence Formulas for Continued Fractions.

There is a formula linking together the numer-

ators and denominators of convergents hn/kn of

the CF [a0; a1, a2, a3, . . . ]:

hn kn−1 − hn−1 kn = (−1)n.

This immediately implies that each convergent

hn/kn must be in its lowest terms, as otherwise

any common prime factor would also divide ±1.

Moreover, the numerators hn and denominators

kn satisfy a recurrence relation (with different ini-

tial conditions):

hn = an hn−1 + hn−2, h−1 = 1, h−2 = 0,

and

kn = an kn−1 + kn−2, k−1 = 0, k−2 = 1.
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The difference between consecutive convergents

is
∣

∣

∣

∣

∣

hn

kn
− hn−1

kn−1

∣

∣

∣

∣

∣

=
1

knkn−1
.

Then a simple CF is equivalent to an infinite se-

ries

[a0; a1, a2, a3, . . . ] = a0 +
∞
∑

n=0

1

knkn+1
.
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Definition. A best rational approximation to a

real number r is a rational number n/d, d > 0,

that is closer to r than any approximation with

a smaller denominator.

Theorem (Best Rational Approximation by

Convergents). Convergents of simple CF’s pro-

vide the best rational approximations to real num-

bers.

Example. For example: 22/7 is a best approx-

imation to π, in the sense that no fraction p/1,

p/2, ..., p/6 could be closer to π. The first few

convergents of π are

3,
22

7
,

333

106
,

355

113
, . . .

Around 480, the Chinese mathematician Zu Chongzhi

approximated π with the third convergent, 355/113,

using 12,288 sticks arranged on a circle. This

was the most accurate approximation of π avail-

able for the next 900 years!
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Calendars:

The basis of all calendars is the periodic motion

of the Sun and the Moon across the sky. One

year is

365.24219878

days long, and one lunar month is

29.530589

days long. The ratio of these numbers (the num-

ber of lunations in a year) is

12.368267.

A lunar month is between 29 and 30 days, and

there are about 12 lunar months a year. So far,

so good.
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• The Babylonian (lunar) calendar year was 12

months long, with alternating 29 to 30-day

months. One year was then 354 days.

• The Egyptian calendar that replaced it (5th

millennium BC) had 12 months of 30 days

each (360 days).

• In Pharaonic times, 5 more days were added,

to make it 365.

• In a 238 BC decree, an additional day was in-

troduced every fourth year (Alexandrian cal-

endar; today’s Coptic and Ethiopian church

calendars).

• Up to 46 BC Romans used the 365-day calen-

dar, at which time Caesar heard of the more

accurate Alexandrian calendar. An Alexan-

drian astronomer helped his calendar reform.

The Julian calendar year now had a mean

length of 365.25, closer to the actual value

of 365.24219878 days.
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• The Julian calendar accumulated an error of

only one day in every hundred years. When

this was noticed, Pope Gregory XIII assem-

bled a commission to design a more precise

system (1582). The leap years were adjusted:

the years ending in “00” would be common

years, except those divisible by 400.

• Non-Catholics saw this as a Catholic ploy and

resisted the Gregorian calendar for about 200

years. Great Britain and her colonies finally

made the change in 1752. This calendar is

both convenient and precise: it has an er-

ror of about 1 day in 3320 years. The aver-

age length of calendar year is 365.2425 days

(compare with 365.24219878), based on 97

leap years in 400.
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Then the main idea of a modern calendar is to

have a cycle spanning q years, of which p are leap

and q−p are normal. The numbers p and q should

be chosen so that the average (365q + p)/q =

365+ p/q is as close to the astronomical year as

possible, and the numbers are convenient to use.

p = 97 and q = 400 was one such choice.

What other choices of p, q will make the ratio p/q

close to 0.24219878? Examine the convergents

of this (approximate) rational number:

0.24219878 =
1

4 + 1

7+ 1

1+ 1

3+ 1
5+...

,

which gives the convergents

1

4
,

7

29
,

8

33
,

31

128
,

163

673
, . . .

Apart from the first (the Julian calendar), none

of these looks appetizing (although the 33-year

period did cross people’s minds).
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We would rather have a cycle that is several cen-

turies long, i.e., we want q = 100q′. Then we

approximate the number

p

q′
= 0.24219878× 100 = 24 +

1

4 + 1
1+ 1

1+ 1
4+...

The first four convergents are

p

q′
=

97

4
,

121

5
,

218

9
,

993

41
.

The first choice (97 leap years in 4 centuries)

is the Gregorian calendar. The second one, 121

leap years in 5 centuries, is even more precise and

just as convenient: it has a 1-day error in 5031

years (as opposed to 3320). The Pope missed

that one!

In the 5-century calendar, we would have every

year divisible with 4 a leap year, unless divisible

by 100, with the exception of those ending in 500

(again leap).
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Convergence of general continued fractions is harder

to judge, but they are extremely useful in many

areas, even providing better approximations to

functions than Taylor series. The symbol

b0 +
a1

b1 + a2

b2+
...+ an

bn+
...

= b0 +
a1

b1+

a2

b2+

a3

b3+
· · ·

= b0 + K∞
n=1

(

an

bn

)

denotes a general continued fraction, where {an}n≥1

and {bn}n≥0 are two real or complex (or even

polynomial) sequences. The convergents are

cn =
hn

kn
,

where the numerators and denominators satisfy

the same recurrence relation (with different initial

conditions):

hn = bn hn−1 + an hn−2, h−1 = 1, h0 = b0,

kn = bn kn−1 + an kn−2, k−1 = 0, k0 = 1.
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Minimal solutions, continued fractions, and

orthogonal polynomials.

Theorem (Pincherle, 1894). The continued

fraction

K∞
n=1

(

an

bn

)

=
a1

b1+

a2

b2+

a3

b3+
· · ·

converges if and only if the difference equation

xn = bn xn−1 + an xn−2

has a minimal solution.

Definition. A solution xn of the above difference
equation is called a minimal solution if there ex-

ists a linearly independent solution yn with

lim
n→∞

xn

yn
= 0.

Idea of Proof.∗ If hn/kn → L, then

φ(n) = hn − Lkn

is a minimal solution, with

lim
n→∞

φ(n)

Ahn + Bkn
= lim

n→∞

hn
kn

− L

Ahn
kn

− B
= 0.

∗See Elaydi.
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Remark. Finding a minimal/maximal solution

pair is easy when the coefficients are constant:

if the auxiliary equation has eigenvalues α and β

with |α| < |β|, then {αn, βn} form a fundamental

set of solutions for the difference equation, with

lim
n→∞

αn

βn
= 0.

So, what does one do with a minimal or maximal

(dominant) solution?
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Example. The modeling of a simplistic age-

structured population by a Leslie matrix: the

populations of various ages at time n is repre-

sented by a vector Xn, and the first-order, linear

system is given by

Xn+1 = LXn.

The eigenvalues αi of the characteristic equa-

tion of L (when L is diagonalizable over the reals

with distinct eigenvalues) have a dominant one

(WLOG |α1| > |αi| for 2 ≤ i ≤ d) under certain

conditions on L. The general solution of the sys-

tem is

Xn = c1αn
1V1 + · · · + cdα

n
dVd,

where Vi is an eigenvector for αi. As n → ∞, we

have Xn/αn
1 → c1V1, or

Xn ∼ c1αn
1V1 for large n.

That is, the population distribution among ages

stays proportional to a constant vector, called

the stable age distribution for this population. If

α1 = 1, then the population stays constant with

the given age distribution (otherwise increases

geometrically or becomes extinct.)
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Recall the recurrence relation that an orthonor-

mal polynomial sequence pn(x) has to satisfy:

pn+1(x) = (x + αn) pn(x) − βn pn−1(x) (∗).

Taking bn = x + αn and an = −βn, we obtain the

continued fraction representation

−β0

(x + α0)−
β1

(x + α1)−
β2

(x + α2)−
· · · ,

where pn(x) is the nth partial denominator, kn.

How do we find a minimal solution of (∗)?

We want to find a sequence hn = qn(x) of partial

numerators (called associated polynomials) such

that

lim
n→∞

qn(x)

pn(x)
= f(x) =

−β0

(x + α0)−
β1

(x + α1)−
· · ·

exists. In this case,

sn(x) = f(x)pn(x) − qn(x)

will be a minimal solution of (∗), with sn(x)/qn(x) →
0.
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We define

qn(x) =
∫

pn(x) − pn(t)

x − t
ω(t) dt.

Lemma. The set {pn(x), qn(x)} is a fundamental

set of solutions of (∗).∗

Then the limit

lim
n→∞

qn(x)

pn(x)

can be expressed as

f(z) =

∫

ω(t)

z − t
dt

(this is called the G-transform, or Cauchy-Stieltjes

transform, of the measure) and the minimal so-

lution has the integral representation

sn(z) =
∫

pn(t)

z − t
ω(t) dt

(Perron.)

∗See Elaydi for a proof.
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Matching Polynomials.

Definition. Let G e a graph on n vertices. An r-

matching in G is a set of r edges with no common

vertices. Let p(G, r) denote the number of r-

matchings in G. Set p(G, 0) = 1, and define the

matching polynomial of G by

µ(G, x) :=
∑

r≥0

(−1)rp(G, r)xn−2r.

Example (Empty graph). Let Gn be the empty

graph on n vertices. Then

µ(Gn, x) = xn.
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Example (Path graph). Let Pn be the path on

n vertices. The number of r-matchings is

(n − r

r

)

.

Therefore, the matching polynomial is given by

µ(Pn, x) =
∑

r≥0

(−1)r
(n − r

r

)

xn−2r.

Example (Cycle graph). Let Cn be the cycle

graph on n vertices. Then

µ(Cn, x) =
∑

r≥0

(−1)r n

n − r

(n − r

r

)

xn−2r.
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Example (Complete graph). Let Kn be the

complete graph on n vertices. Then

µ(Kn, x) =
∑

r≥0

n!

r!(n − 2r)!2r
xn−2r.

Example (Complete bipartite graph). Let Kn,n

be the complete graph on n vertices. Then

µ(Kn,n, x) =
∑

r≥0

(n

r

)2
r!xn−2r.
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Theorem. The matching polynomial satisfies

the following identities:

1. µ(G ∪ H, x) = µ(G, x)µ(H, x),

2. µ(G, x) = µ(G\e, x) − µ(G\uv, x) if e = {u, v}
is an edge of G,

3. µ(G, x) = xµ(G\u, x) −
∑

i∼u

µ(G\ui, x) if u ∈ V (G),

4.
d

dx
µ(G, x) =

∑

i∈V (G)

µ(G\i, x).
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Proof. (2) µ(G, x) = µ(G\e, x) − µ(G\uv, x):

There are two kinds of r-matchings of G: those

that use the edge e, and those that do not. If

e is not a part of the r-matching, then the r-

matching corresponds to a unique one in G\e. If

e is included in the r-matching, then we need to

delete the vertices (as well as the incident edges)

to obtain a corresponding (r − 1)-matching in

G\uv; we have

p(G, r) = p(G\e, r) + p(G\uv, r − 1).

µ(G, x)

=
∑

r≥0

(−1)rp(G\e, r)xn−2r

+
∑

r≥1

(−1)rp(G\uv, r − 1)xn−2r

=
∑

r≥0

(−1)rp(G\e, r)xn−2r

−
∑

r−1≥0

(−1)r−1p(G\uv, r − 1)xn−2−2(r−1)

= µ(G\e, x) − µ(G\uv, x).
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(3) µ(G, x) = xµ(G\u, x) −
∑

i∼u

µ(G\ui, x):

There are two kinds of r-matchings of G: those

that use the vertex u, and those that do not. The

number of r-matchings of G that do not use u is

p(G\u, r). The number that use u is p(G\ui, r −
1), summed over the vertices i adjacent to u. So

p(G, r) = p(G\u, r) +
∑

i∼u

p(G\ui, r − 1).

Once again, substitution yields

µ(G, x)

=
∑

r≥0

(−1)rp(G\u, r)xn−2r

+
∑

r≥1

(−1)r
∑

i∼u

p(G\ui, r − 1)xn−2r

= x
∑

r≥0

(−1)rp(G\u, r)xn−1−2r

−
∑

i∼u

∑

r−1≥0

(−1)r−1p(G\ui, r − 1)xn−2−2(r−1)

= xµ(G\u, x) −
∑

i∼u

µ(G\ui, x).

35



Recurrence relations. Using Property (3), we

immediately obtain

µ(Pn+1, x) = xµ(Pn, x) − µ(Pn−1, x),

µ(Kn+1, x) = xµ(Kn, x) − nµ(Kn−1, x).

Also, Property (2) implies

µ(Cn, x) = µ(Pn, x) − µ(Pn−2, x)

(for n ≥ 3). However, if we define

µ(P−1, x) = 0, µ(C0, x) = 1,

µ(C1, x) = x, µ(C2, x) = x2 − 2,

then it is valid for all n ≥ 1, and combining this

with the recurrence property for µ(Pn, x), we ob-

tain

µ(Cn+1, x) = xµ(Cn, x) − bnµ(Cn−1, x),

where b1 = 2 and bn = 1 for n > 1.
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These relations imply that the matching polyno-

mials for the path, cycle, and complete graphs

form sequences of orthogonal polynomials! Be-

ing a solution of an linear, order-two, homoge-

neous difference equation with constant coeffi-

cients, the matching polynomials of Pn and Cn

are Chebyshev polynomials:

µ(Cn,2x) = 2Tn(x), µ(Pn,2x) = Un(x).

Summary:

an bn

µ(Pn, x) 1 0

µ(Cn, x) 0

{

2, n = 1
1, n ≥ 2

µ(Kn, x) 0 n
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Recall that the characteristic polynomial of a

graph G is the characteristic polynomial of its

adjacency matrix, A(G):

χ(G, x) = det(xI − A(G)).

χ(G, x) satisfies multiplicative and deletion/ con-

traction properties similar to µ(G, x). In fact, if

G is a forest (e.g., a path), then

χ(G, x) = µ(G, x).

However, there is no general three-term recur-

rence property for characteristic polynomials.
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History.

The matching polynomial appeared independently

at least three times (Godsil.) The first one was in

combinatorics, as the “rook polynomial” (more

or less, the matching polynomial of the complete

bipartite graph.)

The second was in chemistry/statistical physics,

in a classical paper by Heilmann and Lieb (1972).

Monomers are small molecules that join with oth-

ers to form polymers (e.g., amino acids and pro-

teins); dimers are units of two monomers. A

monomer-dimer system can be represented by a

graph (with edge and vertex weights) where a

dimer covers an edge together with the vertices,

and uncovered vertices correspond to monomers.

A dimer arrangement is a set of dimers placed on

the graph such that no vertex is covered by more

than one dimer; we call it a matching. A perfect

matching (covering all vertices) is called a dimer

covering, etc.

39



The d-dimer partition function of the graph is

the sum of all weights corresponding to all d-

matchings; if the weights are set equal to 1,

then this is the same as the number of all d-

matchings, or p(G, d). The partition function

(Zustandssumme) is simply the unsigned match-

ing polynomial with weights replacing number of

matchings. (In statistical mechanics, a partition

function is a weighted sum over all states of the

system, usually related to temperature, energy,

or pressure.)
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The third interesting application of matching poly-

nomials to theoretical chemistry was proposed by

Hosoya (1971), who defined the topological in-

dex of a graph to be the total number of match-

ings of G:

ZG(x) =
∑

r≥0

p(G, r).

We can think of a molecule as represented by a

graph, where the vertices are atoms and edges

are bonds between atoms. In Hosoya’s case,

the vertices represent the “carbon skeleton” of

a hydrocarbon molecule, and the graph is simple

and connected. The topological index has been

found to be strongly correlated to the boiling

point of several saturated hydrocarbons: Heavier

molecules have higher boiling points (more ver-

tices imply more matchings) and more branching

points (higher connectivity and fewer matchings)

imply lower boiling points! Hosoya also states the

theorem that the characteristic polynomial of a

tree is equal to its (what we call) matching poly-

nomial and suggests a proof.
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