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In this talk, all rings will be commutative and all subcategories will

be full subcategories.

Definition 1. [Hov01] A full subcategory C of an abelian category is

said to be wide if it is abelian and closed under extensions.

“Closed under Extensions”: Given a s.e.s. (in the abelian category)

0 → M ′ → M → M ′′ → 0,

then M ′, M ′′ ∈ C ⇒ M ∈ C.

Motivation: This definition is motivated by Thick subcategories

(Triangulated subcategories that are closed under direct summands.)

of the Derived Category D(R).
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Examples

• Rational vector spaces form a wide subcategory of abelian

groups.

• For every prime number p, the category of p-local abelian groups

is a wide subcategory of abelian groups.

• Finitely generated modules over a noetherian ring form a wide

subcategory of R-modules.

• Finitely presented modules over a coherent ring form a wide

subcategory of R-modules.

• For every prime number p, finite p-torsion abelian groups form a

wide subcategory of finite abelian groups.
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Wide〈R〉 will denote the wide subcategory generated by R in

Mod−R.

• If R is noetherian, then Wide〈R〉 consists of the finitely

generated R modules.

• If R is coherent, then Wide〈R〉 consists of the finitely presented

R modules.

Problem: Given a ring R, what are all the wide subcategories of

Wide〈R〉?
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Hovey’s Classification

Henceforth R will denote a noetherian regular ring.

Theorem 1. [Hov01] The lattice LWide〈R〉 of wide subcategories of

finitely generated R-modules is isomorphic to the lattice S of

specialisation closed subsets of Spec(R).

S
φ

−→ LWide〈R〉

A
φ

7−→ {M f.g. : Supp(M) ⊆ A}

5



About the Proof:

The proof relies on comparison with the derived category of R.

In fact the map S
φ

−→ LWide〈R〉 factors through the lattice LThick〈R〉

of thick subcategories.

This gives a commutative diagram of poset bijections:

S
∼=φ

//

∼=
''P

P
PP

P
PP

PP
P

PP
P

P LWide〈R〉

LThick〈R〉

∼=

66lllllllllllll
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A Krull-Schmidt Theorem

Theorem 2. [Che04] Let R be a noetherian regular ring. Then every

wide subcategory W of finitely generated R-modules admits a

Krull-Schmidt decomposition.

More precisely, given W, there exists wide subcategories (Wi)i∈I such

that:

• W =
∐
i∈I

Wi.

• Wi

⋂
Wj = 0 for i 6= j.

• Each Wi is indecomposable: Wi = A
∐

B ⇒ A = 0 or B = 0.

• Uniqueness: If W =
∐

i∈I Vi as above, then Wi
∼= Vi up to a

permutation of indices.
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About the Proof:

We use Hovey’s bijection. We show that any specialisation closed

subset A of a noetherian ring can be decomposed uniquely into

indecomposable specialisation closed subsets.

Define a graph G(A) as follows:

• Vertices: The set (possibly infinite) of minimal prime ideals

contained in A.

• Adjacency: p ∼ q if and only if V (p)
⋂

V (q) 6= ∅.

A Krull-Schmidt decomposition of a wide subcategory corresponds to

the decomposition of this graph into its connected components.
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Some Consequences

1. If W = qi∈IWi is a Krull-Schmidt decomposition of a wide

subcategory as above, then

K0(W) ∼=
⊕

i∈I

K0(Wi).

2. A splitting result (well-known): R noetherian regular ring. Then

every finitely generated R-module M admits a unique splitting

M ∼=
⊕

i∈I

Mi.

such that the supports of Mi are pair-wise disjoint and

indecomposable.

3. Similar results can be proved for thick subcategories of perfect

complexes in the derived category.
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