
WHAT IS SPECIAL ABOUT THE DIVISORS OF 24?

SUNIL K. CHEBOLU

It is a miracle that the human mind can string a thousand arguments together

without getting itself into contradictions.

– Eugene Wigner

1. Introduction

The divisors of 24 are 1, 2, 3, 4, 6, 8, 12, and 24. To pique the reader’s interest and

curiosity let us pose the following riddle: what is an interesting number theoretic

characterisation of the divisors of 24 amongst all positive integers? There are

probably several characterisations of these numbers. In this paper I will provide

one characterisation in terms of modular multiplication tables. This idea evolved

interestingly from a question raised by my student Elliott in the elementary number

theory class. Shortly after introducing the new world of Zn, I asked my students

to write down the multiplication tables for Z2,Z3, and Z4. I then showed them

the multiplication table for Z8 on the screen (generated by MAPLE) with the

intention of drawing their attention to some differences between tables for prime

and composite moduli.

Z8 :

∗ 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 0 1 2 3 4 5 6 7

2 0 2 4 6 0 2 4 6

3 0 3 6 1 4 7 2 5

4 0 4 0 4 0 4 0 4

5 0 5 2 7 4 1 6 3

6 0 6 4 2 0 6 4 2

7 0 7 6 5 4 3 2 1

Upon seeing these tables Elliott asked, “I see that 1’s in the multiplication table

appear only on the diagonal. Is that always true?” Of course, looking further one

knows the answer. 1’s do not always occur on the diagonal and an example to

consider is Z5, where 1 occurs at an off-diagonal position (2, 3) corresponding to

the multiplication

(2)(3) = 1 in Z5.

Similarly, in Z9, 1 occurs at an off-diagonal position (2, 5).

Having seen some examples with 1’s only on the diagonal and some with 1’s also

off the diagonal, the following question begs to be answered. What are all values of
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n for which 1’s in the multiplication tables for Zn occur only on the diagonal and

never off the diagonal?

In this paper I will investigate this question using various tools from number

theory and will tie it up with some interesting topics which seem a priori far and

unrelated to this question. Specifically, the tools used are the Chinese remainder

theorem, the structure theory of units in Zn, Dirichlet’s theorem on primes in an

arithmetic progression, Bertrand-Chebyshev theorem, and some results of Erodös

and Ramanujan. There is no doubt that some of these tools are rather heavy-duty

for the relatively simple question under investigation. However, my playful goal is

to introduce my students to as many interesting topics in number theory as possible

via this question which came up naturally in the classroom, and to show them the

interconnections between these topics.

The question under investigation is answered in the following theorem.

Theorem 1.1. The multiplication table for Zn contains ones only on the diagonal

if and only if n is a divisor of 24.

I should point out that the trivial divisor 1 of 24 corresponds to Z1, which

consists of only one element (0). Therefore the requirement of having all ones on

the diagonal is vacuously satisfied in this case.

In this paper I will give four different proofs of this theorem. Before delving into

these proofs, I start with some generalities.

2. General considerations

Let me begin by examining the condition “1’s in the multiplication table for Zn
occur only along the diagonal” more closely. For convenience, I will refer to this as

the diagonal condition/property for n. Let us fix representatives for the elements

in Zn:

Zn = {0, 1, 2, · · · , n− 1}.
Suppose there is a 1 at position (a, b) in the multiplication table for Zn. This means

ab = 1 in Zn. (a, and hence also b, is then said to invertible in Zn.) If the diagonal

condition holds for n, then (a, b) has to be a diagonal position. This would mean

that a = b, and therefore a2 = 1 in Zn, or equivalently n divides a2 − 1. It is

easy exercise to show that a is an invertible Zn if and only if gcd(a, n) = 1. The

following statements are then easily shown to be equivalent.

Proposition 2.1. Let n be a positive integer. Then the following statements are

equivalent.

(1) 1’s in the multiplication table for Zn occur only on the diagonal.

(2) If a is an invertible element in Zn, then a2 = 1 in Zn.

(3) If a is an integer that is relatively prime to n, then n divides a2 − 1.

(4) If p is a prime number that does not divide n, then n divides p2 − 1.

I will use these equivalent statements interchangeably when referring to integers

which have the diagonal property.
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3. Proof using the Chinese remainder theorem

The Chinese remainder theorem in its simplest form can be expressed as the

isomorphism of rings [1, Page 265]

Zab ∼= Za ⊕ Zb,

whenever a and b are positive integers that are relatively prime. (Multiplication

in Za ⊕ Zb is done component wise.) I will use this isomorphism to give what is

probably the geodesic proof of the main theorem.

To start, first consider the case when n is odd. If n is odd, gcd(2, n) = 1. Then

in order for n to have the diagonal property, n has to divides 22 − 1 = 3. This

means n has to be either 1 or 3, both of which have the diagonal property. Next

consider the case when n is a power of 2, 2t say. Now we have gcd(3, n) = 1. As

before, for n to have the diagonal property, n has to divide 32 − 1 = 8. It is easily

seen that all the divisors of 8 have the diagonal property. I put these two cases

together using the simple observation that any positive integer n can be uniquely

written as

n = 2tk,

where k is odd and t is a non-negative integer. Then by the Chinese remainder

theorem we have the isomorphism

Zn ∼= Z2t ⊕ Zk.

From this isomorphism it is easy to see that n has the diagonal property if and only

if both 2t and k have the diagonal property. Combining these pieces, it follows that

the only integers with the diagonal property are the divisors of (8)(3) = 24.

4. Proof using the structure theory of units

The set of invertible elements (a.k.a units) in Zn is denoted by Rn. This set forms

an abelian group under multiplication as one can quickly check. The structure of

the group Rn has been completely determined. To explain, let n = pc11 p
c2
2 · · · p

ck
k

be the prime decomposition of n (> 1). Using the Chinese remainder theorem, it is

shown that there is an isomorphism of groups

Rn ∼= Rpc11 ⊕Rpc22 · · · ⊕Rpckk .

It is therefore enough to explain the structure of Rpc . This is given by [2, Page 124]

Rpc ∼=


C1 if pc = 21

C2 if pc = 22

C2 ⊕ C2c−2 if pc = 2c and c ≥ 3

Cφ(pc) if p is odd,

where φ(x) is the Euler’s function which denotes the number of positive integers

less than x that are coprime to x.

Returning to our problem, recall from the above proposition that n has the

diagonal property if and only if a2 = 1 for all a in Rn. Therefore our job is

to identify those groups from the above list which have the property that every
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element in them has order at most 2. C1 and C2 obviously have this property.

C2⊕C2c−2 will have this property if and only if c− 2 ≤ 1, or c ≤ 3. Finally, Cφ(pc)
will have this property for p is odd if and only if φ(pc) = pc−1(p− 1) ≤ 2. It is easy

to see that this is possible precisely when pc = 3. From these calculations, we note

that n cannot have a prime divisor bigger than 3. Moreover, the maximum power

of 3 in n has to be 1, and that of 2 has to be 3. The collection of these integers is

given

n = 2u3v where 0 ≤ u ≤ 3, 0 ≤ v ≤ 1,

which are exactly the divisors of 24.

Remark 4.1. Under multiplication, we saw that Rn is an abelian group, which is

same as a Z-module. Now if a2 = 1 for all a in Rn, then 2Z acts trivially on Rn, so

this gives Rn a Z/2Z module structure, which is same a vector space structure over

F2, the field of two elements. This gives a different way to interpret the diagonal

property. n has the diagonal property if and only if Rn is naturally a vector space

over F2.

5. Proof using Dirichlet’s theorem on primes in an arithmetic

progression

Dirichlet proved the following theorem in 1837 which is a far-reaching extension

of Euclid’s theorem on the infinitude of primes and is one of the most beautiful

results in all of number theory. It states that given any two integers e and f that

are relatively prime, the arithmetic progression {ex+f |x is a non-negative integer}
contains infinitely many prime numbers; see [2, Page 401].

Let us analyze the the diagonal property (for any prime p which does not divide

n, n | p2 − 1) more closely to see where it leads us. If n | p2 − 1, then for every

prime divisor q of n, q divides either p − 1 or p + 1. Therefore, if a prime p does

not divide n, then for every prime divisor q of n, p has to be of the form qx+ 1 or

qx− 1. This is clearly a very strong condition on n. If there is a prime divisor q0 of

n which is bigger than 3, then there is an arithmetic progression {q0x + r |x ≥ 0}
where r 6= 0, 1, or q0− 1 and 0 ≤ r ≤ q0− 1. Note that q0 and r are then relatively

prime, and therefore Dirichlet’s theorem tells us that this arithmetic progression

has infinitely many primes. In particular, it contains a prime p0 that is coprime

to n. This choice of p0 does not meet the requirement that it is either of the form

qx+1 or qx−1 for each prime divisor q of n; it fails by construction for q = q0. The

upshot is that there is no prime divisor of n which is bigger than 3, which means n

is of the form 2u3v. The smallest prime number that is coprime to every number

of the form 2u3v is 5. Our proposition then tells that n has to divide 52 − 1 = 24,

as desired.

Remark 5.1. One can avoid the full strength of Dirichelt’s theorem as used here. It

is enough to assume the special case that the arithmetic progression 5n+2 contains

infinitely many primes. This will allow us to show (exactly as above) that 5 cannot

divide n. From there is follows that n has to divide 52 − 1 = 24. The reason for

giving the above proof as opposed to this one is because the above proof is more
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natural; it explains better why only primes 2 and 3 can occur in the factorisation

of n.

Now we shall use some results in number theory to establish statements of the

following type. If a positive integer n has the diagonal property then n ≤ K. Here

K is some fixed positive integer independent of n. The finitely many values of n

up to K can then be dealt separately to prove the main theorem.

6. Bertrand-Chebyshev theorem

In the year 1845, Bertrand postulated that if n ≥ 2 then there is always a prime

number between n and 2n. Although he did not give a proof, he verified it for all

values of n up to three million. A few years later (1850) Chebyshev gave an ana-

lytical proof of this result. An elementary proof of this result, however, had to wait

almost a 100 years. In 1932, Erdos, in his first paper, gave a beautiful elementary

proof of this theorem using nothing more than some properties of binomial coeffi-

cients that are easily verified. Let us see what this theorem has to be say about

our question.

Let n be an integer with the diagonal property. That is, given a prime p which

does not divide n, then n | p2 − 1. Note that if n divides p2 − 1, then p2 − 1 ≥ n,

or p ≥
√
n+ 1. Equivalently, looking at the contrapositive, we get the following

statement. If p <
√
n+ 1, then p divides n.

There are several ways to proceed from here. Here is one way. Assume that√
n+ 1/4 ≥ 6 and consider the two intervals(√

n+ 1

4
,

√
n+ 1

2

)
,

(√
n+ 1

2
,
√
n+ 1

)
.

By the Bertrand-Chebyshev theorem each of these intervals has at least one prime.

Note that both of these primes are less than
√
n+ 1. Also the primes 2, 3 and 5

are less than
√
n+ 1 because

√
n+ 1/4 is assumed to be at least 6. Therefore all

these primes, and hence their product, divide n. In particular, the product of these

primes is less than n. From this we have the following inequality

(2)(3)(5)

√
n+ 1

4

√
n+ 1

2
< n,

which simplifies to

15(n+ 1) < 4n.

This is impossible, therefore we must have
√
n+ 1/4 < 6, which means n+ 1 < 242

or n ≤ 574. Thus we proved that if n is an positive integer which has the diagonal

property, then n ≤ 574.

7. Theorems of Erdös and Ramanujan

There are several impressive variations and generalisations of the Bertrand-

Chebyshev’s theorem. A generalisation due to Erdös, for instance, says that if

n ≥ 6 then there are at least 2 primes between n and 2n. We can use this theorem

to modify the above proof to obtain a much better bound for n as follows.
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Assume that n has the diagonal property. Then we have, as above, “p <√
n+ 1 =⇒ p |n.” Now consider the interval(√

n+ 1

2
,
√
n+ 1

)
.

If
√
n+ 1/2 ≥ 6 ( ⇐⇒ n + 1 ≥ 144), this interval have at least two primes by

Erdös’s theorem. Since
√
n+ 1/2 ≥ 6, the primes 2, 3, and 5 will be less than√

n+ 1. Arguing as above, we then have the inequality

(2)(3)(5)

(√
n+ 1

2

)2

< n,

which simplifies to give 30(n+1) < 4n, a contradiction. Therefore,
√
n+ 1 < 12, or

n+ 1 < 144. We can shrink the interval further down. Can
√
n+ 1 ≥ 8? If so, then

the primes 2, 3, 5 and 7 will be less than
√
n+ 1 and therefore their product 210

divides n which is impossible because n+ 1 < 144. The upshot is that
√
n+ 1 < 8

which means n+ 1 < 64, or n ≤ 62.

This is only the beginning. Here is a wild and ingenious generalisation due

to Ramanujan. Let π(x) denote the number of primes less than or equal to x.

Ramanujan showed that

π(x)− π(x/2) ≥ 1, 2, 3, 4, 5, · · · if x ≥ 2, 11, 17, 29, 41, · · · respectively.

The numbers 2, 11, 17, 29, 41, · · · are called the Ramanujan primes. Note that the

Bertrand-Chebyshev theorem is covered by the special case

π(x)− π(x/2) ≥ 1 if x ≥ 2,

and the theorem of Erdös by the case

π(x)− π(x/2) ≥ 2 if x ≥ 11.

Needless to say, in the same manner as above, one can also use these more exotic

results of Ramanujan to address our question.

8. Multiplication cubes

Be Wise! Generalise!

Instead of multiplication tables, one can also consider multiplication cubes. This

is a natural extension of the notion of a multiplication table and is defined similarly.

Given a positive integer n, a multiplication cube is a cube [0, n − 1]3 whose entry

at the coordinate (i, j, k) (0 ≤ i, j, k ≤ n − 1) is the product ijk mod n. Now we

can ask the same question under consideration for these cubes.

what are all values of n for which the multiplication cube for Zn has ones only on

the diagonal?

I leave it as an amusing project to the reader to show that the only positive

integers with this property are 1 and 2 in as many ways as he or she can.
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