
MATH 175 – FALL 2010 – CLASS TEST 1 – SEPTEMBER 22, 2010

Last Name First Name

Student Number

Directions:

• Print your last name, first name, and student number as it appears in the student records.

• There are 7 questions on this exam, and each question is worth 10 points. Answer any 5 questions.
If you answer more than 5 questions, only the first five questions will be graded.

• Please do not work in groups or get help from anyone. You are allowed to refer only the text book
and class notes.

• This exam is due on Monday, September 27 th at 10:00 AM in our class. Please keep in mind that
late submissions will not be accepted. You have 5 days to solve 5 problems!

• You must show all your work and justify all your steps. You will not get any credit if you
don’t justify your steps correctly.

• Your answer to each question should begin on a new page.

• Your solutions should be complete, rigorous, and crystal clear – they should read like poetry, like
honey dripping from the paper. In fact, as Albert Einstein said, “Pure mathematics is, in its way,
the poetry of logical ideas.”

Good Luck!
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(1) In class we have observed that matrix multiplication is not commutative. That is, in general AB 6= BA,
even if both products are defined. However, it turns out that in some special cases AB = BA.
(a) Show that if A is a 2× 2 diagonal matrix of the form(

u 0
0 u

)
,

then AB = BA for any 2× 2 matrix B.

(b) Let A be a 2 × 2 matrix with the property that AX = XA for all 2 × 2 matrices. Then show that A
has to be a diagonal matrix of the form (

u 0
0 u

)
for some real number u. (Thus, the moral of this exercise is that the only matrices which commute with
all matrices are the diagonal matrices of the above form!)

(2) Consider the following graph on 5 vertices
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Let A be the adjacency matrix of this graph. Without multiplying matrices, find the (1, 5)-entry of A3.
Your answer should be completely justified.

(3) Consider n computers in a network which are labeled with integers 1 through n. Consider the adjacency
matrix A associated to this network. That is, the (i, j)-entry of A will be 1 if computers i and j are directly
connected in the network and the (i, j)-entry would be 0 otherwise. Show that the number of triangles
in this network (A triangle is a set of 3 computers which are all connected to each other.) is equal to
trace(A3)/6, where trace(A3) is the sum of all the diagonal entries of A3. (You can experiment with the
graph in the previous problem: an example of a network on 5 computers. How many triangles are there?)

(4) Use linear algebra to construct a 3× 3 magic square. (You can use a Computer/Calculator for finding
the reduced form.)

(5) Find all quadratic curves that pass through the points (1, 2) and (−1, 3). (A quadratic curve is a
function of the form f(x) = ax2 + bx+ c where a, b, and c are constant real numbers. See the interpolation
example done in class.)

(6) Let A, B, and C be 2× 2 matrices such that
• A represents reflection in the X-axis.
• B represents rotation by 30 degrees in the clock-wise direction.
• C represents reflection in the line y = x.

Compute ABC and use pictures to explain how this product matrix ABC acts on a typical vector in R2.
See the examples done in class.)

(7) Let u,v,w be 3 vectors in Rn. Show that S = {u,v,w} is a linearly independent set if and only if
T = {u + v,v + w,w + u} is linearly independent.


