
Explorations in Combinatorial Reasoning 

Manuscript Draft: Do Not Cite and Do Not Copy 
–1– 

 

Preface 

Interest in computer science and the use of computer applications, together with 

connections to many real-world situations, has helped make topics and courses in discrete 

mathematics more commonplace in school and college curricula. One topic in discrete 

mathematics of widespread application and interest is combinatorics, the study of 

counting techniques. 

Have you ever counted the number of games n teams would play if 

each team played each other exactly once? Have you ever constructed 

magic squares? Have you ever attempted to trace through a network 

without removing your pencil from the paper and without tracing any part 

of the network more than once? Have you ever counted the number of 

poker hands that are full houses in order to determine what the odds 

against a full house are? These are all combinatorial problems. [Richard 

A. Brualdi, in Introductory Combinatorics, 2004, p. 1] 

The Common Core State Standards for Mathematics (2010) emphasizes topics in 

probability and statistics, including the use of counting techniques. Combinatorics—

counting—is highlighted by the National Council of Teachers of Mathematics 

(Curriculum and Evaluation Standards for School Mathematics [1989]; Principles and 

Standards for School Mathematics [2000]). Courses in discrete mathematics are 

recommended for mathematics teachers (Conference Board of the Mathematical Sciences 

[2012]). 

 

day
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You might ask, though, whether our need to study counting might have ended 

when we left elementary school? Indeed not: 

Enumeration, or counting, may strike one as an obvious process that a 

student learns when first studying arithmetic. But then, it seems, very little 

attention is paid to further developments in counting as the student turns to 

"more difficult" areas in mathematics, such as algebra, geometry, 

trigonometry, and calculus. . . . Enumeration [however] does not end with 

arithmetic. It also has applications in such areas as coding theory, 

probability, and statistics (in mathematics) and in the analysis of 

algorithms (in computer science). [Ralph P. Grimaldi, in Discrete and 

Combinatorial Mathematics, 1994, p. 3]  

The material in this book is intended to help develop and extend your capacity to 

use combinatorial reasoning, also known as combinatorial analysis: 

Combinatorial Analysis is an area of mathematics concerned with solving 

problems for which the number of possibilities is finite (though possibly 

quite large). These problems may be broken into three main categories: 

determining existence, counting, and optimization. Sometimes it is not 

clear whether a problem has a solution or not. This is a question of 

existence. In other cases solutions are known to exist, but we want to 

know how many there are. This is a counting problem. Or a solution may 

be desired that is "best" in some sense. This is an optimization problem. 

[John A. Dossey, Albert D. Otto, Lawrence E. Spence, & Charles Vanden 

Eynden, in Discrete Mathematics, 1987, p. 1] 
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In this book we will develop, apply, and extend combinatorial reasoning in a 

variety of settings to determine existence, to count possibilities, and to optimize 

outcomes. In doing so, we will make connections to algebra, probability, geometry, 

number theory, and other topics in mathematics. We also study the process of proof by 

induction, the use of recursion, the generation of polynomials, and the calculation of 

probabilities, all topics that apply combinatorial reasoning. 

Who is this book for? 

Explorations in Combinatorial Reasoning can serve as a text or a supplement for 

a course that focuses on problem solving, number theory, or combinatorics. Such a course 

may be a required or an elective school course, a general education collegiate course, or a 

content mathematics course that may enroll preservice or inservice teachers. The book 

also is a resource for school teachers who seek to review and expand their own content 

knowledge and problem-solving experiences with a variety of combinatorics topics. The 

book can serve as a resource for professional developers at work with school teachers and 

others in professional development activities that focus on problem solving, number 

theory, and combinatorics. 

How will we explore combinatorial reasoning? 

Much of the mathematics that students encounter can be 

introduced by posing interesting problems on which students can make 

legitimate progress. … Approaching the content in this way does more 

than motivate students. It reveals mathematics as a sense-making 

discipline rather than one in which rules for working exercises are given 
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by the teacher to be memorized and used by students. (NCTM 2000, 

p. 334) 

This textbook revolves around problems. Through the statement, exploration, 

discussion, solution, and extension of problems, principles of combinatorics emerge and 

perspectives on combinatorial reasoning are developed. We use problems and solutions to 

illustrate definitions, counting principles, and other important information. Problems are 

presented to help identify strategies for use and application of combinatorial reasoning. 

Solutions of problems by the author or by other problem solvers are used to highlight 

strategies and emphasize alternative routes to solutions. 
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Figure 1.1: Setting It Right

TEACHER'S DILIGENCE 
FINDS FAME, FREE LUNCH 
 
JOSEPH P. FERRY, The Morning 
Call. 
Morning Call. Allentown, 
Pa.: Jan 21, 1995. pg. B.01 
 
Copyright Morning Call 
Jan 21, 1995 
 
It was an entrance fit for 
royalty. 
Television cameramen milled 
about and smartly dressed 
public relations people spoke 
in hushed tones as they 
waited for the guests of 
honor. Occasionally, someone 
would peek out the window to 
see if they had arrived. 
Finally, the big moment came. 
Their vehicle pulled into the 
parking lot. Photographers 
jockeyed for position. 
Bob Swaim, a Souderton High 
School math teacher, 
sheepishly walked into the 
Quakertown Boston Chicken, 
trailed by about 30 of his 
students dressed in jeans and 
T-shirts, most of whom made 
a bee-line for the food line to 
collect a free lunch for their 
teacher's diligence. 
About two weeks ago, Swaim 
noticed what he thought was 
a mathematical error in one of 
the company's television 
advertisements. Sure enough, 
after consulting his calculator, 
Swaim decided he was right. 

But getting the company to 
admit its error was another 
matter. 
"Nobody wanted to listen to 
me," said Swaim. "After a 
while, I was determined to 
make sure someone would 
own up to it." 
Boston Chicken's ad campaign, 
featuring quarterback Joe 
Montana, claims there are 
3,360 possible combinations 
of three-item meals available 
to customers. It was the word 
"combinations" that caught 
Swaim's attention. 
Whoever wrote the ad, said 
Swaim, confused the formulas 
for figuring permutation and 
combinations. By Swaim's 
calculation, there are only 816 
different combinations 
available. 
"It's not really a difficult 
problem; any person with an 
interest in math should be 
able to figure it out," said 
Swaim, who has been besieged 
with media requests for 
interviews since Boston 
Chicken went public with its 
miscalculation. He's been on 
radio station WWDB in 
Philadelphia, another station in 
Georgia and on ABC 
television's "Good Morning 
America." The "Tom Snyder 
Show" called and was ready to 
put Swaim on before the host 
was replaced. 
"Everyone has been telling me 
this is my 15 minutes of 
fame," he said with a chuckle. 

In order to claim 3,360 
combinations, Swaim said the 
company would have to 
increase its list of side dishes 
from 16 to 27. Rather than do 
that, however, Boston Chicken 
acknowledged the error and 
promised to change its ads. 
"We checked and ... there was 
a mistake in our combination," 
said company spokesman Gary 
Gerdemann. 
Corrected tapes were sent by 
overnight mail to 17 television 
stations around the country 
and were received yesterday 
morning, according to 
Gerdemann. 
Gerdemann declined to say 
precisely how much the 
mistake cost Boston Chicken. 
"More than a couple thousand 
dollars," he said. "Enough to 
teach us not to do it again." 
The company also donated 
$500 to the school's math 
department, which Swaim said 
he would like to use to buy 
calculators for a class on math 
for daily living. 
Most of Swaim's students 
appeared to be overwhelmed -
- and slightly amused -- by all 
the attention they received. 
"Amazing," said Ben Weber, a 
junior from Telford, as he 
picked at his baked chicken. "I 
didn't think there would be 
this much made about a little 
mistake with math." 
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CHAPTER 1: INTRODUCTION 

Combinatorics in the News! 

Mathematics is once again used to set it right! Read the newspaper article 

reprinted in Figure 1.1 on page 6. The story describes how a school mathematics teacher 

relied on his knowledge of combinatorics to help convince a restaurant chain that it 

should correct one of its advertising claims. The mathematics teacher knew the difference 

between two similar counting concepts—permutations and combinations—and applied 

that knowledge to not only determine that an advertisement was incorrect but also to 

suggest how the restaurant chain’s side-dish menu could be altered to live up to the 

original advertising claim. 

Problems We Will Encounter Throughout the Book 

Throughout this book, we will develop and apply many counting strategies as we 

expand our combinatorial reasoning capabilities. We will do this by exploring problems. 

Here is just a sample of the problems we will explore. 

1. Suppose there are 186 major-league baseball players who have a published 

batting average from .250 to .299. A published batting average must be a three-digit 

decimal value between .000 and 1.000. Explain why at least four of these players must 

have the same batting average. 

2. In the United States, an individual's telephone number is comprised of a 3-

digit area code and a 7-digit local number. Until the mid 1990s, the area code could not 

begin with 0 or 1, the area code was required to have a 0 or 1 as its middle digit, and the 

local number could not begin with 0 or 1. Under these conditions, how many 10-digit 

individual numbers were possible? 
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3. A shelf is to contain 10 books, six indistinguishable paperback books and four 

indistinguishable hardback books. If the paperback books must be shelved in pairs (that 

is, exactly and only two paperback books must be adjacent to each other), in how many 

ways can the 10 books be arranged on an open shelf? 

4. A group of 11 people is to be separated into three rooms, A, B, and C, so that 

five are in room A, two are in room B, and four are in room C. In how many ways can 

this be done? 

5. Fran is a professional singer. She claims to have enough songs in her 

repertoire to be able to sing a different set of three songs in her act, every night of the 

year, for at least 50 years. What is the minimum number of songs she must have in her 

repertoire? Note that the set of songs {A,B,C} is considered one set of songs, no matter 

what order Fran sings those three songs. 

6. Replace a, b, c, and d in 

! 

C(10,8) = C(a,b) + C(c,d) to correctly illustrate 

Pascal's Formula. 

7. Twenty-four distinct fair dice are rolled. How many ways are there for 

thirteen 6s to appear? 

8. Jan works 20 blocks east and 15 blocks north of her home. All streets from 

her home to her workplace are laid out in a block-by-block rectangular grid, and all of 

them are available for walking. On her walk to work, Jan always stops at Benny's Bakery, 

located 6 blocks east and 4 blocks north of her home. On her way home from work, Jan 

always stops at Brink's Bank, located 5 blocks south and 2 blocks west of her workplace. 

If she walks 35 blocks from home to work and 35 blocks from work to home, how many 

different round-trip paths are possible for Jan? 
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9. A certain zookeeper has n cages lined up in a row and has two lions that are 

indistinguishable from each other. The lions must be placed in separate cages and they 

may not be placed in adjacent cages. Write a recursion relation to describe L(n), the 

number of ways the two lions can be placed into n cages. State any initial conditions of 

the relationship. 

10. A newspaper intends to publish k interviews regarding a recent Supreme 

Count decision. The newspaper interviewed six white females, three black females, seven 

white males, and four black males. The article must include an interview with at least one 

person from each of the four demographic categories just identified. For example, if 

k = 6, the interviews may be from two white females, two black females, one white male, 

and one black male. Create a generating function whose coefficients can be used to 

determine the number of ways the newspaper can select the k interviews for publication. 

Assume that we are concerned only with the gender/ethnicity categorization of each 

interviewee and that we do not distinguish among individuals within a gender/ethnicity 

category. 

11. How many ways are there to deal n cards to two persons? It is permissible 

that one person may receive an unequal number of cards compared to the other. 

12. Exactly 7 chocolate chips are to be randomly distributed into 6 chocolate chip 

cookies. What is the probability that some cookie has at least 3 chips in it? 

13. In how many ways can 2n people be divided into n pairs? 

14. Use algebraic reasoning to verify that C(n,k) = n
k
!

"
#
$

%
&'C(n(1,k (1) . 

15. For the following statement, develop a conjecture and generate a proof of 

your conjecture using induction: What is the sum of the first n odd positive integers? 



Explorations in Combinatorial Reasoning 

Manuscript Draft: Do Not Cite and Do Not Copy 
–10– 

Focus and Emphasis 

Solving problems such as those just shown requires application of combinatorial 

reasoning as well as making connections to arithmetic, algebra, geometry, and other 

branches of mathematics. Our challenge is to develop strategies that can be applied to a 

variety of problems such as these and to become efficient in recognizing the sort of 

combinatorial situation we face in any particular problem. This book provides a unique 

perspective on the development of combinatorial reasoning in a setting that emphasizes 

process and understanding without heavy emphasis on mathematical notation and 

symbolism. There are virtually no collegiate prerequisites for this course. 

Learning From Others: An Illustration 

Here is the first of several discussions of actual attempts to solve combinatorics 

problems. In each of the Learning From Others features throughout the book, we present 

a problem followed by several possible solutions. There are questions about the problem 

and the solution responses to help us focus on various approaches to solving the problem 

and to help us become more aware of how solutions are presented that involve 

combinatorial reasoning. Here is a problem and potential solutions to help illustrate how 

we might learn from others.  

Problem: In a utility drawer in Tim Toolman's workshop are several pairs of gloves, 

where a pair means one right-handed glove and one left-handed glove. Each pair is 

identical except for color. There are three pairs of red gloves, four pairs of blue gloves, 

and five pairs of white gloves. During a blackout, Tim reaches into the drawer without 

being able to distinguish among the gloves. How many single gloves must Tim bring out 



Explorations in Combinatorial Reasoning 

Manuscript Draft: Do Not Cite and Do Not Copy 
–11– 

to assure that he has a pair of gloves to wear (one right-handed glove and one left-handed 

glove), with no regard for color? 

The first two solutions claim that 13 gloves is a correct answer, yet the third and 

fourth solvers argue that 3 gloves is correct. Review the problem once more and then 

decide whether either of the answers, 13 gloves or 3 gloves, is correct. Write a few 

sentences to explain your thinking. If neither of those answers is correct, explain why. 
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