
MAT	409	Semester	Exam:	80	points	
	

Name		___________________________________		 Email	___________________________________		 Text	#	________________________		
	
Impact	on	Course	Grade:	Approximately	25%	 Score	___________________________________		

 
Solve each problem based on the information provided. It is not necessary to complete every calculation. 
That is, your responses may contain combinatorial notation (factorials, exponents, combinations, 
permutations). Include explanations as needed. 
 
You are to work alone on this test. You may not use anyone else's work. You may refer to one or more 
sheets showing general difference tables, and you must turn in such information with your test 
responses. You may not refer to any other materials as you complete the test. You may ask me questions. 
You may use a calculator, but no other technology tools. You may not make internet connections, search 
the web, or use any sort of mental telepathy. 
 
Evaluation Criteria 
Each of questions 1 through 8 is worth 10 points. Some questions have more than one part. A point 
assignment is indicated for each question or for each part of a question. 
 
Some questions require explanation and some do not. Read carefully and ask me if you need help in 
determining whether an explanation is required. For questions requiring explanation: 
• Approximately 60% of the points revolve around a correct solution to the problem. I will evaluate the 

mathematics you use: 
• Is it accurate and appropriate? 
• Have you provided adequate justification? 

• Approximately 40% of the points count toward how you express your solution. I will evaluate how 
you communicate your results: 
• Is your solution clear and complete? 
• Have you expressed logical connections among components of your solution? 

 
BONUS questions sum to 12 points. 
  



 

1. Write the correct answer on the blank provided. No explanation or justification required. (2 pts each) 
 

(a) There are 17 ways to complete Task A and 9 ways to complete Task C. Assume that Task A and 
Task C are independent events that share no common elements. 
 

i.) How many unique ways exist to complete Task A or Task C? _______________ 
 

ii.) How many unique ways exist to complete Task A and then Task C? ______________ 
 
 

(b) Single copies of the digits 0,1,3,5,7, and 9 are to be arranged in a single line. How many unique 
arrangements are there for these digits?  
 _______________ 
 
 

(c) How many distinct arrangements exist for the letters in the word L A S S I S I T U D E ?  
 
 _______________ 
 

(d) Fifty (50) identical tokens are blue on one side and red on the other side. How many unique ways 
exist to arrange these tokens in a line such that 30 of them show blue? 
 
 _______________ 

 
 

(e) Suppose you have an unlimited supply of single-stem roses to choose from, some colored White, 
some Red, and some Pink, distinguishable only by color. How many unique 24-rose sets can be 
created that contain at least 3 roses of each color?  
 _______________ 

  



 

2. Write the correct answer on the blank provided. No explanation or justification required.  

(a) Express C(12,5) in three different ways: (1 pt each) 
 

(i) as a positive-integer value: _______________ 
 
 

(ii) using factorial notation: _______________ 
 
 

(iii) in terms of P(12,5): _______________ 
 
 

(b) Express the sum C(9,4) + C(9,3) as a single combination. (1 pt) _______________ 
 
 
 

(c) Nelson has a bin of 12 identical pairs of gloves, distinguishable only by left-hand or right-hand 
gloves. How many individual gloves must Nelson pull from the bin, sight unseen, to assure that 
he has a right-left pair of gloves? (2 pts) 
 _______________ 
 
 
 
 
 

(d) A university women’s hockey team has 18 different skaters. For pre-game meetings, three non-
overlapping groups will be formed, one with 5 players, another with 6 players, and a third with 
7 players. In how many ways can the players be separated into such groups? (2 pts) 
 
 _______________ 
 
 
 
 
 

(e) A planning committee of six people is to be formed from a group of 10 carnivores and 10 vegans. 
The planning committee must have at least 2 carnivores and at least 2 vegans. How many 
different planning committees can be created using these conditions? (2 pts) 
 _______________ 

   



 

 

3. Write the correct answer on the blank provided. No explanation or justification required. 

(a) In the expansion of 𝑟 + 𝑒 +𝑚 + 𝑖 + 𝑛 + 𝑑 (), what is the value of K in the collected 
term 𝐾𝑚(𝑖+)𝑛+(𝑑+,? (2 pts) 

  _______________ 

 

 

(b) How many solutions are there for the equation 𝑐 + 𝑎 + 𝑗 + 𝑜 + 𝑙 + 𝑖 + 𝑛 + 𝑔 = 2018	if 
each variable must be a non-negative integer? (2 pts) 

  ____________  

 

 

 
(c)  A letter carrier has 4 letters, one for each of the four residents of an apartment complex. 

In how many ways can the letter carrier distribute the letters so that no resident receives 
his or her letter? State your answer as a natural number. (3 pts) 

  _______________ 

 

 

 

(d) Hank has 13 tiles, each showing one letter of the word E F F E R V E S C E N C E .  Determine 
the number of 7-tile collections that be assembled from this set of 13 tiles. (3 pts) 

  ____________  
 

  



 

4. Consider the set T of positive integers less than 1000. (a: 3 pts; b: 3 pts; c: 4 pts) 
 

(a) Determine the number of values in T that have no digit greater than 7. _______________ 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Determine the number of values in T whose unit digit is a prime number.  _______________ 
 

 
 
 
 
 
 
 
 
 
 
 
 

(c) Determine the number of values in T that are neither the square nor the cube of a positive integer. 
 

 _______________ 
  



 

 
5. The set of letters K = {X,X,X,X,Y,Y,Y,Y,Y,Z,Z} is to be used to create its subsets. Note that in K, 
there are four identical letters X, five identical letters Y, and two identical letters Z. Although subsets of 
K may have duplicate elements, such as the subset {Y,Y,Y,Z}, there is no distinction among any of the 
letters X, and likewise for Y and Z. 
 

(a) Enumerate all unique 2-element subsets of K. (2 pts) 
  ______________________________________  
 
Marlie suggested using a generating function to answer questions about subsets of K. She created this 
generating function: 

𝐻 𝑥 = (1 + 𝑥 + 𝑥, + 𝑥< + 𝑥()(1 + 𝑥 + 𝑥, + 𝑥< + 𝑥( + 𝑥>)	(1 + 𝑥 + 𝑥,) 
 

(b) Describe how the three factors of H(x) are connected to questions about subsets of K. (3 pts) 
 
 
 
 
 
 
Here’s Marlie’s expansion of H(x). 

𝐻 𝑥 = 1 + 𝑥 + 𝑥, + 𝑥< + 𝑥( 1 + 𝑥 + 𝑥, + 𝑥< + 𝑥( + 𝑥> 1 + 𝑥 + 𝑥,  

 = 1 + 3𝑥 + 6𝑥, + 9𝑥< + 12𝑥( + 14𝑥> + 14𝑥C + 12𝑥D + 9𝑥E + 6𝑥F + 3𝑥+) + 𝑥++ 

Use H(x) and its expansion to answer these questions. 
 

(c) How many subsets of K have four elements in them? (1 pt) _______________ 
 

(d) How many subsets of K, in all, are there? (1 pt) _______________ 
 
Marlie responded to parts (c) and (d) using her expansion of H(x). She then decided to solve (d) a 
different way, by looking at set K and, for each element in K, asking, “Is this element in or out of a 
subset?” This strategy showed the number of subsets to be 211. 
 

(e) Marlie’s two responses to (d)—the first determined using her generating function H(x) and the 
second using the multiplication principle—are different. Explain. (3 pts) 

  



 

6. 
(a) Nine chairs in a single straight row will be occupied by six students and Professors Alpha, Beta, 

and Gamma. These three professors arrive before the six students and decide to choose their 
chairs so that each professor will be between two students. In how many ways can Professors 
Alpha, Beta, and Gamma seat themselves under this restriction? (4 pts) 

 
 _______________ 
 
 
 
 
 
 
 

(b) Here is the start of a difference table that shows inputs x and outputs f(x): 

x 3 4 5 6 7 8 9 
f(x) 68 182 370 650 1040 1558 2222 

D1à        

D2à       

D3à      

D4à     

D5à    

D6à   
 

(i) If we assume there exists a polynomial function that best represents the relationship 
between x and f(x), what is the degree of that polynomial? Explain how you know. (2 pts) 
 
 
 

(ii) Use the evidence you created in the difference table to generate the polynomial that best 
represents the relationship connecting x and f(x). (4 pts) 

 
 ________________________ 
  



 

7. You have been given a large supply of three types of rectangles, each composed of an array of squares, 
and you are to arrange them in a line. Here are the three shapes you can use: 

      

      

The left rectangle measures 2-by-2, the center rectangle measures 2-by-1, and the right rectangle 
measures 1-by-1. Your arrangement, or line up, made with the shapes above, is to have 2 rows and 
k columns. One or more of your rectangles may be rotated 90º degrees when creating a line-up. Here are 
a few line-up examples. 

              

              

The first two examples show the same end result, a 2-by-2 line up, 
created two different ways. The first is created with one 2-by-1 
rectangle then a vertically stacked pair of 1-by-1 rectangles; the 
second uses one 2-by-2 rectangle. Also, note that the right-most 
example, a 2-by-5 line-up (k = 5), has one component that was 
rotated from its original perspective. 
 

(a) In the box here, sketch all remaining 2-by-2 line-ups. In your 
drawing, clearly indicate the component parts. (2 pts) 

 
Use T(k) to represent the number of different 2-by-k line-ups that 
are possible under these conditions. For example, T(1) = 2 indicates 
there are exactly two unique ways to build a 2-by-1 line-up. 
 

(b) Calculate T(2) and T(3). (2 pts each)     T(2) = ________  T(3) = ________ 
 

(c) Determine a representation for T(k). Use either a recursive representation or an explicit 
representation. In either case, clearly indicate how you generated the representation, with 
reference to the context of the problem situation, that is, building 2-by-k line-ups. (4 pts) 

  



 

8. Consider an arrangement of the positive integers in a tabular format. Here are rows 1 through 5: 

           1	
	 	 	 	 	 	 	 	 	 	 2	 	 3	
	 	 	 	 	 	 	 	 	 4	 	 5	 	 6	
	 	 	 	 	 	 	 	 7	 	 8	 	 9	 	 10	 	

	 	 11	 	 12	 	 13	 	 14	 	 15	
(a) Consider Row n of the table. (1 pt each) 

(i) In terms of n, state the number of positive integers in Row n: _______________ 

(ii) In terms of n, state the last entry (right-most entry) in Row n: _______________ 

(b) Now explore the row sums within the table. (i-1 pt; ii-2 pts) 
(i) State the sum of each row, rows 1 through 5: _______________ 

(ii) Determine a conjecture, in terms of n, for the sum of the entries in Row n. _____________  

(c) Use any legitimate means within your combinatorics and mathematics toolkits to prove that the 
conjecture you stated in (b-ii) is true for all rows in the table, including Row n. (5 pts) 

  



 

BONUS Problems! BONUS Problems! BONUS Problems! BONUS Problems! 
 

(I) In the TV game show “Hollywood Squares,” X’s and O’s may be placed in any of the nine 
squares of a tic-tac-toe board (a 3×3 matrix) in any combination (i.e., unlike ordinary tic-tac-toe, 
it is not necessary that X’s and O’s be placed alternately, so, for example, all the squares could 
wind up with X’s). Squares may also be blank, i.e., not containing either an X or and O. How 
many different boards are possible? (3 pts) 

 
(II) This season, each team in the Davis City Softball League (DCSL) will play each other team 

exactly once. A total of 15 games will be played. The Davis City mayor’s two daughters each 
play for a different team in the DCSL. This season, the mayor’s schedule allows him to attend 
only one softball game. If he randomly selects the one game to attend, what is the probability that 
the mayor will select a game in which at least one of his daughters is playing? Express your 
answer as a common fraction. (3 pts) 

 
(III) A magician has cards numbered from 1 to 100, distributed in three boxes of different colors so 

that no box is empty. Her trick consists of letting one person from the audience choose one card 
from each of two different boxes without the magician watching. Then the person tells the 
magician the sum of the numbers on the two cards and the magician has to guess from which box 
no card was taken. In how many ways can the magician distribute the cards so that her trick 
always works? Explain. (3 pts) 

 
(IV) Suppose a toy company makes cubical blocks out of wood and paints each side of the cube with 

either RED or BLUE. How many different types of blocks can the toy company make? (3 pts) 
  



 

𝐺 𝑥 = 1 + 𝑥 + 𝑥, + 𝑥< + 𝑥( + 𝑥> 1 + 𝑥 ( 1 + 𝑥 + 𝑥, , 

= 1 + 7𝑥 + 24𝑥, + 54𝑥< + 90𝑥( + 120𝑥> + 136𝑥C + 136𝑥D + 120𝑥E + 90𝑥F + 54𝑥+) + 24𝑥++ + 7𝑥+, + 𝑥+< 


