
MAT 409 
Test #3 Name _________________  
60 points 
Impact on Course Grade: approximately 10% Score ________________ 

Solve each problem based on the information provided. It is not necessary to complete every 
calculation. That is, your responses may contain combinatorial notation (factorials, exponents, 
combinations, permutations). Include explanations as needed. 
 
You are to work alone on this test. You may not use anyone else's work nor may you refer to any other 
materials as you complete the test. You may ask me questions. You may use a calculator, but no other 
technology tools. You may not make internet connections, search the web, or use any sort of mental 
telepathy. 
 
Evaluation Criteria 
Each of questions 1 through 6 is worth 10 points. Some questions have more than one part. For each 
question and each part, a point assignment is indicated. 
 
Some questions require explanation and some do not. Read carefully and ask me if you need help in 
determining whether an explanation is required. 
 
For questions requiring explanation: 

• Approximately 60% of the points revolve around a correct solution to the problem. I will 
evaluate the mathematics you use: 
o Is it accurate and appropriate? 
o Have you provided adequate justification? 

• Approximately 40% of the points count toward how you express your solution. I will evaluate 
how you communicate your results: 
o Is your solution clear and complete? 
o Have you expressed logical connections among components of your solution? 

 
The BONUS! is worth 8 points, including 3 points for (A) and 5 pts for (B). 

  



 

1. Write the correct answer on the blank provided. No explanation or justification required. (10 pts total) 
 

(a) Determine the value Q that satisfies the equation ! !!,!
!(!!,!)

= 𝑄. (2 pts) 
  ______________  
 

(b) Consider the word UNCOPYRIGHTABLE. (2 pts each) 
 

(i) Determine the number of unique arrangements for the letters in this word. ___________ 
  

 
(ii) Suppose the vowels in this word must be kept non-adjacent. How many unique 

arrangements of the letters are there under this condition? Consider the letter Y a vowel in 
this word.  ______________  

 
 

(c) Define the combinatorics term derangement. In so doing, create and state a 5-element set of 
your choice and then show two different derangements of the elements in your set. 
 
(i) Definition of derangement: (2 pts) 

 
 
 
 
 

(ii) Your 5-element set: (1 pt)  _____________________  
 
 
 
 

(iii) Two derangements of your set: (1 pt)  ______________________________  
  



 

2. Lamancha has a collection of gem stones comprised of 13 diamonds, 15 emeralds, 18 fluorite stones, 
and 22 garnet stones. 
 

(a) Suppose each stone distinguishes it from all other stones in Lamancha’s collection. 
 

(i) How many ways can the emeralds and garnet stones be arranged in a single line? (2 pts) 
 
  ______________  
 

 
(ii) From her collection, Lamancha selects all the diamonds and 13 fluorite stones. She 

arranges these in a single line so the stones alternate in type. Determine the number of 
ways that this selection and arrangement can occur. (2 pts) 

  ______________  
 
 

(b) Now suppose that a stone's type (diamond, emerald, fluorite, garnet) is its only distinguishing 
characteristic. How many ways can Lamancha’s entire collection of gem stones be arranged in 
one line? (2 pts) 
 
  ______________  
 
 

(c) Lamancha mixes her stones and grabs 12 of them. How many different collections of 
diamonds, emeralds, fluorite stones, and garnet stones could she have assembled: (2 pts each) 
 

(i) if she has at least one of each type of stone?  ______________  
 

(ii) if there’s no assurance that each type of stone is present among the 12? 
  ______________  



 

3.  
(a) A recurrence relation is defined by sn = 3an-1 – 2an-2, with s0 = 5 and s1 = –1, n ≥ 2. Compute 

and label terms s2 through s6 for this recurrence relation. (2 pts) 
 
  _____________________________________________________________________  
 
 

(b) Write a recursive representation for the sequence of values 5,16,49,148,…, assuming the 
pattern continues. (2 pts) 
  ________________________________  
 
 

The numbers 1, 5, 12, 22, 35, . . . , are called "pentagonal numbers" because these are the numbers of 
dots that can be arranged in regular pentagons, as shown here 
 

 
In the sketch, notice how the third pentagonal shape is formed from the second by including more dots. 

(c) In the empty box here, sketch an image to represent the 
4th pentagonal shape. (2 pts) 

 
In general, if P(n) is the nth pentagonal number, then 
P(n + 1) = P(n) + (n + 1) + 2n = P(n) + (3n + 1). 
 
 

(d) Calculate P(6) and P(7). Express your results as natural numbers. (2 pts) 

  __________________________  
 

 

(e) Referring to the pentagonal images provided and the one you included in part (c), and to the 
recursive representation above, describe the contextual basis for this recursive representation with 
respect to going from the nth pentagonal shape to the (n+1)st pentagonal shape. (2 pts)  



 

4. Here is a problem situation and the work submitted by a student: 

A	  shelf	  is	  to	  contain	  nine	  different	  books,	  six	  different	  paperback	  books	  and	  
three	  different	  hardback	  books.	  If	  the	  paperback	  books	  must	  be	  shelved	  in	  pairs	  
(that	  is,	  exactly	  two	  paperback	  books	  must	  be	  adjacent	  to	  each	  other),	  how	  
many	  ways	  can	  the	  nine	  books	  be	  shelved?	  

First, place the hardback books so 2 paperbacks can go 
between them. There are 3! ways this can be done. 

 

To complete the arrangement, there are 8 places left to 
place 6 paperback books. Since the books are different 
and order matters, we have a permutation, P(8,6). 

The number of arrangements of the two types of books 
must be multiplied together since the total arrangement 
depends on the placement of each type. 

Solution: 3!•P(8,6) 

Analyze the student's work. Is it correct? If so, identify the key step or steps in the student's solution. If 
the work is incorrect, identify the error or errors in the student's work and describe what should have 
been done. (10 pts) 

  



 

5. 
(a) A guidance counselor is helping 30 students schedule courses. All 30 students will take at least one 
of three foreign language classes. Sixteen (16) students will take a French language course, 16 will 
take a Spanish language course, and 11 will take Latin. Five (5) students will take both French and 
Latin, and of these, 3 will take Spanish as well. Five (5) students will take only Latin, and 8 students 
will take only Spanish.  How many students will take French as their only foreign language course? 
 (4 pts)   
 
  ______________  
 
 
 
 
 
 
 
 
 
 
 
(b) Here is information about three sets, M, S, and C, all of which are subsets of a set T. 
  Set M has 14 members: |M| = 14. 
  Set S contains 10 members: |S| = 10. 
  Sets M, S, and C contain 24 members in all: |M ∪ S ∪ C| = 24. 
  Four (4) elements are in both M and S: |M ∩ S| = 4. 
Knowing these facts, determine the following values, or describe why that determination is impossible. 
Provide evidence for your responses. 

(i) Determine the number of elements that are in C but not in M nor in S. (3 pts) 
 

  ______________  
 
 
(ii) Determine the number of elements in set T: |T|. (3 pts) 

 
  ______________  

  



 

6. On planet Wylentia, 12 Wylentians are part a celebratory weekend competition. There 
are 9 competitive events. All 12 Wylentians compete in each of these 9 events. For each event, 
one winner is awarded 1 Skylana. 
 
(a) In how many different ways can the Skylanas be awarded to the Wylentians, assuming the 
Wylentians are distinguishable but the Skylanas are identical? Explain. (5 pts) 

 
  ______________  
 
 
 
 
 
 
 
 
(b) In how many different ways can the Skylanas be awarded to the Wylentians, assuming that the 
Wylentians are distinguishable and that for each event a uniquely colored Skylana is awarded, with no 
duplicate colors among the Skylanas? Explain (5 pts) 
 
  _____________  
  



 

BONUS! Provide complete and appropriate evidence to support your responses. 
 
(A) Call a number "prime-looking" if it is composite but not divisible by 2, 3, or 5. The three smallest 
prime-looking numbers are 49, 77, and 91. There are 168 prime numbers less than 1000. How many 
prime-looking numbers are there less than 1000? (3 pts)  

(B) A survey was conducted of 983 families to determine whether they possessed (1) a smart phone, 
(2) a microwave, (3) a satellite dish, or (4) a flat-screen TV. No family was completely without such 
items, and 481 families had at least two of these items. At least three items were possessed by 
345 families and 264 families possessed all 4 items. 

a. Determine the total number of pieces of equipment held by all 983 families. (2 pts) 
 
  __________________________  

 

b. Determine the number of families that held the number of pieces of equipment specified below. 
Assume that none of these families had more than one of any particular item. (3 pts) 

(i) exactly one piece of equipment   _____________________  
 
 
(ii) exactly two different pieces of equipment  _____________________  
 
 
(iii) exactly three different pieces of equipment  _____________________  

 

 
 


