Topic: Quadratic functions

Background:

Real solutions to azx? + bx + ¢ = 0 are:

—b+Vb*—4 —b— Vb —4
r= + 5 ac and x = 5 ac provided b? — 4ac > 0
a a

Note: The number b? — 4ac is called the discriminant of the equation az? + bx + ¢ = 0.

If the discriminant is negative then the equation has no real solutions.

If Vb2 — 4ac > 0, then ax? + bx + ¢ factors into a(x — u)(x — v), where

. —b+/b? — 4dac and v — —b —V/b? — 4ac
n 2a a 2a

Easy case: If Vb2 — 4c > 0, then 22 + bx + ¢ factors into (z — u)(z — v), where u,v satisfy:

w=candu+t+v=>b

Completing the square: az? + bz + ¢ = a(x — m)? + n, where

b2
m=——andn=c— —
2a 4a




Illustrative Examples:

(1) Factorize 3e* — Te' + 2.
Solution:
Let z = e'. Then we have,

3¢ —Tel+2 =302 —Tx+2=32> -6z —2+2=3zx(z—2)— (z—2) = (z—2)(3x — 1)
= (e' = 2)(3e! = 1).

(2) Solve 322 — 8x + 2 = 0 by completing the square and by the quadratic formula.

Solution:
Using the formula for completing the square with a = 3,b = —8, ¢ = 2 we have,
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Alternately, using the quadratic formula with a = 3,b = —8, ¢ = 2 we have,
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(3) Express 42 — 162 + 2 in the form 4(z — h)? + k for some constants h and k.
Solution:

r? =320 +2 = 4(a” —82) + 2 = 4(2” —8r +16) — 64+ 2 = (v — 4)* — 62.



(4) Find all solutions to 4(t +7)* = 32(t +7) +2 = 0.
Solution:

Let x = (t+ 7). Then,

4t+T72 =320t +7)+2=0 = 42> -320+2=0.
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(5) Find the discriminant of the quadratic equation 4z% — 5z + 2 = 0 and all real solutions
to this equation.

Solution:
The discriminant of the quadratic equation az? 4+ bz + ¢ = 0 is b* — 4ac.

Hence, the discriminant of the given equation is (—5)* — 4(4)(2) = —7 < 0 which
in turn implies that the equation has no real solutions.



